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Summary 

The present work is a slightly revised version of the author's M.Sc. thesis pre- 
sented at the Physics department of Warsaw University, investigating noninte- 
grable Riemannian geometries modelled after certain symmetric spaces related 
to the Freudenthal-Tits Magic Square. The collection of four such geometries 
investigated by Nurowski fP has been extended by further eight, together with 
a unified description provided in terms of rank three Jordan algebras and as- 
sociated constructions. In particular, symmetric tensors reducing the orthogo- 
nal group to adequate structure groups have been found and used to describe 
geometric properties of corresponding G-structures on manifolds. The results 
obtained this way include: conditions for existence of a natural complex or 
quaternionic Kahler structure; equivalence of the existence of a characteris- 
tic connection and the Killing condition on the tensor defining a G-structure, 
which holds for four of the new geometries, thus extending an analogous result 
of Nurowski. Moreover, the geometries which admit a characteristic connection 
have been classified. The paper is concluded by an algebraic construction of 
locally reductive examples. 
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Introduction 



Special geometries with characteristic torsion 

It is common in differential geometry to express a specific geometric structure 
on a manifold in terms of a reduction of the frame bundle to a subbundle with 
some structure group G C GL(n) (n being the dimension of the manifold), i.e. 
a G— structure. Such a reduction naturally distinguishes a class of compatible 
connections, namely those connections on the frame bundle, which restrict to 
a connection on the G— structure. We call the latter integrable iff it admits a 
torsion-free compatible connection. 

In particular, an 0(n)— structure is always integrable, with unique torsion- 
free connection, namely the Levi-Civita connection of the corresponding Rie- 
mannian metric. If we thus wish to reduce the orthonormal frame bundle to a 
G— structure with G C 0(n), we readily notice that the latter is integrable iff 
the Levi-Civita connection is compatible with respect to it. It then follows that 
integrability of a G— structure implies reduction of the Riemannian holonomy 
group to a subgroup of G. 

Such reduced Riemannian holonomy groups are classified by the celebrated 
Berger's theorem, stating that the holonomy of an irreducible, simply connected, 
and not (locally) symmetric Riemannian manifold is either the entire special or- 
thogonal group, or one of the groups corresponding to a Calabi-Yau, Kahler, 
hyper-Kahler, quaternion-Kahler, G2, or Spin(7) structure. These are usually 
referred to as (integrable) special Riemannian geometries and have been exten- 
sively studied (in the context of holonomy) throughout last fifty years. 

WilHng to consider more general geometries, one needs to relax the torsion 
triviality condition. Observe that the bundle A?TM (g) TM, the torsion of a 
metric connection on a Riemannian manifold M is a section of, decomposes into 
0(n) irreducibles as follows: 

h?TM TM = A?TM ® TM ® T. 

One thus sees that there are in general 2^ = 8 classes of metric connections 

with respect to their torsion. In what follows, we shall focus on G— structures 
admitting a compatible connection whose torsion is completely skew, i.e. a 
section of A^TM. 

The first structures studied in this context where those present on Berger's 
list, and it is a common feature of these, that a G— connection with skew torsion, 
provided it exists, is unique. It has been thus called the characteristic connec- 
tion, and its torsion tensor (determining the connection itself) - the character- 
istic torsion. 
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Let us now return for a moment to a general G— structure on a manifold M. 
Being able to describe G C GL(n) as a stabilizer of certain set of K" tensors, one 
can introduce the G— structure by means of an analogous set of tensors on AI : 
the subbundle is then defined to consist of frames mapping the distinguished 
M" tensors into the distinguished tensors on M (point-wise). 

To be specific, let us for the sake of simplicity assume that G is the stabilizer 
of a single tensor y G a G— structure on an n— dimensional manifold 

M is then defined by a tensor J^m € Sec((E)^r*M) such that (locally) in some 
adapted coframe 9 : TM ]R" one has 

yM{Xi,...,Xp) = y{9{x,),...,9{Xp)) 

for all Xi , . . . , Xp g TM. The fibre above x E M oi the corresponding frame 
subbundle is the set of frames : T^M M" such that e*3^ = yhii^)- The 
structure group is clearly the stabilizer of 3^, i.e. G. Finally, the compatible 
connections, viewed as connections in the tangent bundle, are those with respect 
to which yM is parallel. 

Proceeding again to the Riemannian case, with G C 0(n) being the orthog- 
onal stabilizer of 3^, we easily see that the G— structure is integrablc iff is 
parallel with respect to the Levi-Civita connection V^'-^ . One is then tempted 
to ask whether a weaker condition on V^*-^3^a/ would guarantee existence of a 
G— connection with skew torsion. It is not difficult to check, as it has been no- 
ticed by Nurowski j 1 1 , that the existence of such a connection implies vanishing 
of the symmetric part of the derivativ^ 

(Vi^3^A/)(X,...,X) = VXeTM, (1) 

a condition we shall call the nearly-integrability of (the G-structure defined by) 
yM ■ One may hope that the converse would also hold in some cases (whether it 
does, is a purely algebraic question referring to 3^). As only the symmetric part 
of yM enters the latter equation, it is clear that we should restrict our attention 
to symmetric tensors y and their orthogonal stabilizers. 



Examples of geometries defined by a symmetric 
tensor 

The simplest interesting example, thoroughly investigated by Bobienski and 
Nurowski [2], involves an irreducible S0(3) structure on a five-dimensional Rie- 
mannian manifold (M,gM)- The authors first consider the symmetric space 
SU(3)/SO(3) and the corresponding symmetric pair: 

5u(3) = so(3) ® V, dim V ^5. 

The adjoint action of G = S0(3) on V defines an irreducible 5-dimensional 
representation of the group, which is moreover self-adjoint, so that V V* as 
G— modules via an invariant scalar product g : V V* . 

It can be further shown, that S0(3) C 0(5) is the stabilizer of a tensor 
T E S^V satisfying the relation 

^m{ij^kl)m = 9{ij9kl)j (2) 
^ i.e. demanding that J^jv/ be a Killing tensor. 
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where abstract index notation is assumed, together with the identification of V 
with its dualj^ Since the representation is irreducible, the tensor is also obviously 
required to satisfy Timm — 0. 

As it has been already described, one defines the G— structure by means of 
a tensor T m on M such that in a (local) adapted coframe : TM — > V one has 

TM{x,x,x) = T{e{x),e{x),e{x)) & gM{x,x) ^ g{e{x),e{x)). 

Equivalently, one may simply demand that T m satisfy the analog of equation 
^ with respect to qm- 

One then finds that such five-dimensional S0(3) geometries indeed behave 
in the way we are looking for: nearly integrability of T m (recall equation ([T])) 
implies existence of a compatible S0(3) connection with skew torsion, and the 
latter is moreover unique (that is, characteristic) |2 . 

It is now natural to ask, whether a similar setting can be found in other 
dimensions. Guided by the defining identity on T, i.e. equation ([2|, Nurowski 
checked that the latter can be satisfied for a symmetric third-rank tensor exactly 
in four distinguished dimensions, namely: 5, 8, 14 and 26 1 . The corresponding 
symmetric spaces are: 

SU(3) SU(3) X SU(3) SU(6) , . 

S0(3)' SU(3) ' Sp(3)' F4(„52) ^' 

(all four appearing on Cartan's list of irreducible symmetric Riemannian spaces, 
cf. [3j[4]). The result of Nurowski is then that nearly integrability implies ex- 
istence of compatible connection with skew torsion in dimensions 5, 8 and 14, 
while such a connection is unique in dimensions 5, 14 and 26. 

The next step would thus be to consider geometries modelled after other 
symmetric spaces from Cartan's list. These in particular include symmetric 
spaces related to a construction known as the Magic Square of Lie algebras, and 
investigation of corresponding special geometries is the task proposed in jlj . As 
we shall soon see, there are three families of such spaces, the first one being 
exactly (|3]). One may expect the geometries modelled after all of these spaces 
to exhibit similar properties regarding nearly integrability and characteristic 
connection^ 

Freudenthal-Tits Magic Square and related sym- 
metric spaces 

The Magic Square of Lie algebras is an outcome of the constructions developed 
by Freudenthal and Tits mainly in effort to provide a direct construction of the 
exceptional groups. When performed over the reals, the Tits construction yields 



^ Equation |2| is equivalent to demanding that the trivial representation of G appear only 
once in the decomposition of S'^V. 

Actually, the problem of uniqueness of the characteristic connection has been recently 
completely solved by Nagy [5]. 
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algebras corresponding to the following 'magic' square of compact Lie groups: 
S0(3) > SU(3) > Sp(3) > F4 

SU(3) > SU(3) X SU(3) > SU(6) > Eg 

Sp(3) > SU(6) > S0(12) > E7 



F4 > Ee > E7 > Eg 

together with natural inclusions denoted by the arrows (the word 'magic' refer- 
ring to the symmetry of the table, which is not explicit in its original construc- 
tion, see later). 

Let us now consider the 'quotient' of the second column by the first one 
(with respect to the inclusions), namely the homogeneous spaces: 

SU(3) SU(3) X SU(3) SU(6) Eg 
S0(3)' SU(3) ' Sp(3) ' fI' 

Observe that these are exactly the spaces we have already considered in context 
of a symmetric third rank tensor. Repeating this procedure for the next pair of 
columns (2&3), we obtain spaces which are unfortunately not irreducible: their 
isotropy representations possess a one-dimensional invariant subspace. This 
can be resolved by augmenting the subgroup by an extra U(l), so that the 
corresponding four spaces are: 

Sp(3) SU(6) S0(12) E7 

U(3) ' S'(U(3) X U(3))' U(6) ' Eg x U(l)' 

These are another four irreducible symmetric Riemmanian spaces from Cartan's 
list, and thus the second of three advertised families (the way this extra U(l) 
sits in the groups is to be explained in the sequel). Moreover, the generator of 
the additional U(l) defines a complex structure making these symmetric spaces 
into Kahler manifolds. 

Similar situation occurs for the last pair of columns (3&4). Here however 
one has to add extra Sp(l), so that the third family cosists of the following 
irreducible symmetric spaces]^ 

F4 Eg E7 Eg 

Sp(3)Sp(l)' SU(6)Sp(l)' S0(12)Sp(l)' E7Sp(l) " 

In this case the generators of the additional Sp(l) define a quaternionic structure 
making these symmetric spaces into quaternion-Kahler manifolds. 

These are the three families of irreducible compact symmetric Riemannian 
spaces. Nurowski jlj worked out the first one, and proposed the task of investi- 
gating the next two: 



^ The product with Sp(l) is taken with respect to the adjoint (i.e. isotropy) representation. 
In fact, GoSp{l) ~ (Go x Sp(l))/Z2 
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'It is interesting if all these geometries admit characteristic connec- 
tion. Also, we do not know what objects in K^imM reduce the 
orthogonal groups SO(dimAf) to the above mentioned structure 
groups. Are these symmetric tensors as it was in the case of the 
groups Hk [i.e. S0(3), SU(3), Sp(3) and F4]?' 

We answer these questions and provide a systematic approach rooted in the 
theory of Jordan algebrasF] 



Overview 

The work is split into two parts (chapters), which we have tried to make possibly 
independent of each other. 

The first one begins citing known results on Jordan algebras and the Tits 
construction, providing the minimal theory needed to make sense of the sym- 
metric pairs corresponding to the spaces of our interest, fitting them into a 
single structure. We then review some further constructions, mainly due to 
Freudenthal, again introducing just the minimum set of objects needed to de- 
scribe the isotropy representations of the symmetric spaces. Having the latter 
done, we finally find the symmetric invariants giving the desired reductions (on 
a Lie-algebraic level) and prove some of their properties. 

The second part, building on the results outlined above, deals directly with 
the main subject of the work, i.e. geometries related to the symmetric spaces. 
We first summarize the results on isotropy representations and the invariant 
tensors: we claim their existence and properties they satisfy, in such a way 
that no reference to the Jordan-related objects is needed. Then, we review 
the subject of intrinsic torsion and characteristic torsion of G-structures: these 
results are known, but not particularily accessible in the literature, so that 
we prove most of them, also in order to make the reader familiar with the 
general setting. Finally, g(K, K')-geometries are defined and their properties 
are investigated. Additionally, we provide a classification of g(K, K')-geometries 
with characteristic torsion and prove existence of naturally reductive examples, 
whose characteristic torsion does not vanish. 

The most important original results obtained in the present work are: 

• Proposition [3] describing the isotropy representations. 

• Proposition [4] describing symmetric invariants giving desired reductions. 



• PropositionsM^and 12 expressing intrinsic torsion of G(K, K')-structures 



in terms of geometric data. 

Propositions [lO] and |13| providing a geometric condition on existence of a 
natural (quaternion-) Kahler structure on the geometries. 



^ The problem of symmetric defining invariants is addressed in a very original and self- 
contained way by Cvitanovic in his remarkable book on Group Theory where he also 
discusses the Magic Square. While we do not use his approach and results, we have to 
acknowledge that the latter work has been an important source of inspiration. In particular, 
many of the technical calculations contained in the present paper have been initially carried 
using Cvitanovic's graphical notation, only later to be translated to the conventional one. 
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• TheoremjT] stating the equivalence of nearly-integrability of the symmetric 
tensor defining a second-family geometry and existence of a characteristic 
connection. 

• Theorem |2] and Proposition |25| providing a simple criterion for existence 
of naturally reductive examples with nontrivial characteristic torsion. 

Strominger's superstrings with torsion 

Having argued about the geometric significance of studying special geometries 
with characteristic torsion, one should not overlook an inspiring motivation 
coming from physics, found by Strominger in his 1986 paper f7^_. 

Strominger considers the geometric setting for compactification of the com- 
mon sector of type II Superstring Theory, i.e. a 6-dimensional spin manifold 
(M, g) equipped with a global nonvanishing spinor field e. In absence of Yang- 
Mills fields and with constant dilaton, the conditions for e to generate super- 
symmetry transformations read [t] 

V^^e + ^H{X) ■€ = for each X e TM (4) 
He = 0, 

where H G U^{M) is the strength of the Kalb-Ramond i3-field, i.e. the back- 
ground field coupling to massless skew-symmetric excitations of the string, and 
the dot indicates Clifford action of differential forms on spinor fields {H more- 
over obeys certain integrability condition involving the Riemannian curvature). 

Strominger now introduces a tangent bundle connection whose torsion 
is H, i.e. 

V^Y = VjfY+^H{X,Y) 
for each X e TM. In terms of this new connection, equation d4| reads simply 



i.e. e is parallel with respect to V . This in turn is equivalent to a reduction of 
the holonomjj^of to (a subgroup of) SU(3) (in its 6-dimcnsional representa- 
tion, not to be confused with the 8-dimensional one mentioned earlier). We thus 
end up with a SU(3)-structure with characteristic torsion, namely H (indeed a 
compatible connection with skew torsion for a SU(3)-structure is unique). More- 
over, all further equations can be cast in terms of the SU(3) structure (i.e. an 
almost hermitian structure and a complex 3-form) , so that the latter describes 
both supersymmetry and the _B-field 7'. 

Thus, Strominger found that 6-dimensional backgrounds for supersymmetric 
compactification are naturally described by SU(3)-structures admitting charac- 
teristic torsion. Just as a Yang-Mills field strength is interpreted as the cur- 
vature of a connection on a principal bundle, the Kalb-Ramond field strength 



^ Indeed, existence of a parallel spinor in dimension six implies holonomy reduction to 
SU(3). In the conventional approach this condition is applied to the Lcvi-Civita connection, 
leading to compactification on Calabi-Yau threefolds. 
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is then identified with a torsion of the unique connection associated with the 
SU(3)-structurcQ 

This development attracted the attention of mathematicians, who started 
studying the problem of characteristic torsion, parallel spinors and relation of 
torsion to curvature, initially for G-structures related to Berger's classical list 
of irreducible Riemannian holonomies (see [9] and references therein). In the 
present work we address only the question of characteristic torsion. Moreover, 
one should note that the dimensions of the geometries we wish to investigate 
situate them rather remotely from the usual area of interest of fundamental 
theories 



Conventions 

All the vector spaces and algebras considered in this work are over the reals, 
unless stated otherwise. All manifolds and maps are assumed to be smooth. 
Stating general results, we shall often use K" as a generic n-dimensional vector 
space, possibly equipped with a generic positive definite scalar product (•, •). 

We will often make use of the abstract index notation [l2], using various sets 
of letters to index both spaces and tensors, so that a homomorphism of vector 
spaces f : E ^ F can be written as /"i G E* (g) while its contraction with a 
vector X ^ E is /(X)" = f°'iX'^ € F"' . These indices never refer to any specific 
frame. They are simply labels, which do not assume any (numerical) values. 

Most of the spaces we deal with are equipped with a symmetric scalar prod- 
uct, and we exphcitly declare that the latter is used to identify a space with 
its dual. Accordingly, has such an identification been performed, the position 
of indices becomes irrelevant. The map / given as an example above is then 
written fai € Fa® Ei and as such it needn't be distinguished from the adjoint 
f* : F ^ E {oi course if we have identified E ~ E* and F ~ F*). 

We will often encounter tensors y e (E)^E, with E* ~ E. Then by 
yiXi, . . . , Xp), where Xi, . . . , Xp G E, we mean yi,...^^Xl^ ■■■Xp" eR and the 
order of the vectors y is contracted with does matter (unless y is symmetric). 
We sometimes use also partial application as in 

y{Xi,...,x^) e^p-^E, 

which means 

y,,...,^xi^ -xi^ eE,^^,(g>---®E,^ 

in this very order (i.e. the components of a tensor product are contracted from 
the left). 

Being given a group G C GL(i?), with a Lie algebra g C EndE, we denote 
both the action of G and q on arbitrary tensor products of E and E* simply by 
g{-) and A{-), where g € G and A £ q. This should be clarified by the example 
of 3^ e (g)Pi;*, where 

g{y){X,,. ..,Xp) = y{g-\X,), . . .,g-\Xp) 

A much more elaborate approach to a geometric interpretation of the B field has been 
developed in the last decade in terms of gerbes with connection 8 

^ Nevertheless, the homogeneous spaces related to the Magic square also find their place 
in supergravity-related physics [10[[TT , although without direct relation to the characteristic 
torsion problem. 
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A{y){x^, ...,x„) = y{-A{x,),X2, . . . , x^) + • • ■ + y{Xu. ■ ■ , Xp_,, -A{Xp)). 

Whether a map is to be considered as acting via a group action, or Lie algebra 
action, should be clear from context. An exception is e.g. a complex structure, 
which can be viewed both as an orthogonal map, and as spanning a u(l) algebra: 
in this case, we shall by default assume the group action. 

Special indexing conventions are introduced for spaces that are to be consid- 
ered over C. These are described in Remark [T] which shall be recalled explicitly 
whenever needed. 

Finally, being given a manifold M we will also use letters to index tensor 
products of TM and T*M (being identified when a metric tensor is given). 
This is extended to the C°° (M)-modules of tangent-bundle- valued differential 
forms, so that for example a local metric connection form can be written as 
Taben\M, {A^TM)ab). 
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Chapter 1 

Algebraic part 



1.1 The Tits construction and symmetric pairs 

The construction of Magic Square]^ algebras given by Tits [15 produces a Lie al- 
gebra out of two basic 'building blocks': a normed division algebra, i.e. M, C, H 
or O, and a Jordan algebra of 3x3 hermitian matrices with entries in a second 
normed division algebra. Eventually thus, it gives a Lie algebra for every pair of 
normed division algebras, fitting into a 4x4 table with rows and columns labelled 
by K, C, H and O. 

We shall first introduce the usual algebraic structures on aforementioned 
'building blocks' (in particular, their automorphism groups and derivation alge- 
bras), whose combination will - in a fairly natural way - lead to a Lie algebra 
structure on the outcome of Tits' construction. 

All algebras and representations used in this section are to be considered 
over the reals. 



1.1.1 Four normed division algebras K 

As a warm-up we will now recall some well-known facts which hold in general 
for all the four algebras (see e.g. 16 17]). Although these are rather obvious. 



we expose them quite carefully to show that analogous structure appears in the 
Jordan case. As the octonions are the most complex, with their noncommuta- 
tivity and nonassociativity, it is useful to have this algebra in mind when reading 
subsequent statements. For their simpler subalgebras, some terms and spaces 
become trivial, however the formulas, given in their most general form, are still 
correct. 

We thus let K be one of the four algebras: M, C, EI and O. We introduce 
the commutator 

[p, q]^pq- qp, 

nontrivial for the quaternions and octonions, and the associator 

[p, q, r] = p{qr) - {pq)r, 

nontrivial only for the octonions (where alternativity of the latter implies that 
the associator is antisymmetric in its three arguments). 



^ Interesting generalisations can be found in T4|[6| 
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These maps are useful when describing the automorphism group Aut(K), i.e. 
a subgroup of GL(K) preserving the product. Its Lie algebra, the derivations 
der K, i.e. a subalgebra of maps in EndK satisfying the Leibniz rule, is then 
made accessible by the following Lemma (see [l^ for a proof): 

Lemma 1. Let us introduce a map 

V : A^K EndK 

'Dp,q{r) = [b,?],?-] - 2,[p,q,r] forp,q,r G K. 

Then the algebra der K is exactly the image of T>. Moreover, T> is equivariant 
with respect to Aut(K). 

The automorphism groups are found to be [17| : 

Aut(M) ~ {e} 
Aut(C) ~ Z2 
Aut(H) ~ S0(3) 
Aut(O) ~ G2. 

More structure on K is provided by a natural trace, namely the real part 
Re : K ^ M. Combined with the product, it gives rise to a positive definite 
scalar product 

(•,•) :KxK^M 
{p, q) = Rc{pq). 

One can decompose K into the real line, spanned by the unit, and its orthogonal 
complement, namely the imaginary subspace (trivial for the reals): 

K^MlelmK. (1.1) 

It is then easy to check that: 

Lemma 2. The automorphisms Aut(K) preserve the scalar product and the 



decomposition (1.1), acting irrcducibly on ImK. 

Observe moreover, that the map T> is nontrivial only on A'^ImK. Finally, it is 
convenient to introduce an antisymmetric product on the imaginary subspace, 
being simply a restriction of the usual one: 

X : ImK X ImK ImK 

p X <? = ^b,g]- 

Clearly, this map is also preserved by the automorphisms of K. 
1.1.2 Four Jordan algebras fiaK 

Jordan algebras emerged in an attempt to axiomatize the properties of hermitian 
operators representing observablcs in quantum mechanics. While the original 
program turned out to be unsuccessful, it was realized that these algebras are 
interesting in their own right, allowing a rich theory as somewhat a counterpart 



of Lie algebras 18[19 . Indeed, they are characterized by a commutative product 
satisfying an identity which may be thought of as playing a role analogous to 
that of the Jacobi identity for a Lie bracket: 



1.1. THE TITS CONSTRUCTION AND SYMMETRIC PAIRS 
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Definition 1. A commutative (yet possibly not associative) algebra J7 is called 
Jordan iff for arbitrary two elements a,b € J' the following holds: 

{ah)a? — a{ba^) (Jordan identity). 

In particular, the algebras of n by n hermitian matrices with entries in either 
the reals, complex numbers or quaternions, equipped with anticommutator as 
the product, are Jordan. The three infinite families are denoted t)„M, f)„C and 
()„IE1I. For the octonions, however, there is only a single one, called the exceptional 
Jordan algebra, or Albert algebra, namely f)30. 

In what follows we will only use 3x3 matrices, so that a corresponding Jordan 
algebra exists for all four normed division algebras. Let thus K be one of M, C, H 
and O. We define 




()3K = {|a (3 c\ I a,6,cG K; a,/3,7 e M}, 
together with a product 

XoY ^ ^{XY + YX) 

where the right hand side features usual matrix multiplication. We then have: 

Lemma 3 (Jordan [20]). The algebra (l)3K, o) is Jordan. 

We shall now follow the way we used to describe the algebra K itself. We 
thus begin with the automorphism group Aut([)3K) and its Lie algebra, the 
derivations der t)3K. For the latter, we again have a convenient map, denoted 
with a slight abuse of notation by the same letter: 

Lemma 4 (cf. [19| ). Let us introduce a map 

V : A2f)3K^ Endl)3K 

Vx,y{Z) = X o{Y o Z) - Y o{X o Z) forX,Y,ZG tjsK. 

Then the algebra der ()3K is exactly the image ofT>. Moreover, T> is equivariant 
with respect to Aut([)3K). 



The automorphism groups are found to be 21 22 



Aut(t)3K) ~ S0(3) 
Aut(f]3C) ~ SU(3) 
Aut([)3H) ~ Sp(3) 

Aut(t)30) ~ F4(_52). 

More structure on [)3K is given by a natural trace, namely the usual matrix 
trace tr : t)sK M. Combined with the product, it gives rise to a positive 
definite scalar product 

(•,•) : f)3Kx [)3K^M 
{X,Y) =tr{XoY). 
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Multiplication in the algebra is then symmetric with respect to the scalar prod- 
uct: 

{XoY,Z) = {Y,Xo Z). 

One can decompose fjaK into the real line, spanned by the unit, and its orthog- 
onal complement, namely the traceless subspace: 

t)3K = Ml e sfigK, (1.2) 

where si)^K — kertr. One then finds that: 

Lemma 5. The automorphisms Aut(()3K) preserve the scalar product and the 



decomposition (1.2), acting irreducibly on sf)^! 



Observe moreover, that the map T> is nontrivial only on A^sf)3K. Finally, it 
is convenient to introduce a symmetric product on the traceless subspace, being 
simply a restriction of the usual one: 

X : s^^K X sf)3K —> st)3K 

X xY ^ X oY - -{X,Y). 

3 

Clearly, this map is also preserved by the automorphisms of f)3K. 
1.1.3 The Magic Square of Lie algebras 

We are now ready to construct the Magic Square. As the algebras to be con- 
structed are parametrized by a pair of normed division algebras, let us introduce 
two symbols, K and K', allowing each of them to be one of M, C, H and O. 

Taking K' and [}3K as our building blocks, we can form the product algebra 
K'®1)3K. The automorphism group of the latter is simply the product of Aut(K') 
and Aut(f)3K), so that the corresponding derivation algebra is 

der (K' ® (jgK) ^ der K' ® der \)^K. 

Recalling the decompositions of K' and f)3K, we have in particular the largest 
irreducible subspace ImK' (g) sf)3K C K' ® t)3K. Let us consider the direct sum 
of the derivation algebra and its irreducible module: 

9Jl(K, K') = der K' der ()3K ImK' s^glK. 

Our aim will be to equip the latter with a Lie algebra structure. We keep 
der K' ©der f)3K as a subalgebra with its original Lie bracket. Its action on the 
module provides the mixed bracket: 

[d+D,p®X] = d{p)®X + p®D{X) (1.3) 

for d e der K', D e der f)3K, p e ImK' and X e 5^^K. 

We still need a bracket of two elements of ImK' (g)sl)3K. Recalling the struc- 
ture introduced so far, one sees that there are three natural (equivariant w.r.t. 
the derivations) maps form A^(ImK' (Kisf)3K) to 9}l(K, K') : 

{p®X)h{q®Y) ^ {X,Y)Vp,g 
{p(g)X) A{q(g)Y) ^ {p,q)Vx.Y 
{p IS) X) A {q Y) {px q) (^{X xY), 
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and the most general derivation-equivariant bracket is a linear combination 
thereof. The factors are determined by demanding that the Jacobi identity 
be satisfied, so that finally we arrive at the following 

Lemma 6 (Tits [15^, cf. [23^). The space 2Jl(K,K') becomes a Lie algebra with 
the bracket defined by: 

1. The natural bracket on dcr K' © der f)3K 



2. Equation (1.3) for an element of der K' © der [}3K and an element of 
ImK' ® s[)3K. 

3. The following bracket for two elements p® X and q®Y of ImK' s()3K : 

[p<»X,q®Y]^ ^ {X, Y)Vp,g - (p, q)Vx^Y + {p^q)®{XxY). (1.4) 

The outcome of this procedure is summarized in the following 

Proposition 1 (Tits [l5]). The algebras 97l(K, K') are isomorphic (over the 
reals) to the ones in the table, with columns indexed by K' and rows by K : 





M C HO 


M 


so(3) 


su(3) 


sp(3) 


U 


C 


su(3) 


5u(3) © su(3) 


5U(6) 


ee 


H 


sp(3) 


su(6) 


so(12) 




O 


U 









Two remarks have to be made in this place. First, the algebras in the square 
appear in their compact form, an important virtue of Tits' construction. Second, 
as we have warned before, certain parts of the construction become trivial for 
K' being M or C. In particular, we have der M = and ImM = 0, so that simply 
$H(K,M) = der ^^K. 

1.1.4 Cayley-Dickson and induced decompositions 

We shall now recall the Cayley-Dickson decomposition of the complex numbers, 
quaternions and octonions, namely: 

C = M©iM, IHI = C©jC, = H©ZH, 

and check that, when applied to K', they naturally lead to decompositions of 
the magic square algebras S[)t(K, K') into symmetric pairs. Let us then from 
now on assume K' ^ M. One easily checks that the Cayley-Dickson construction 
defines a Z2 grading on K', that is: 



where z, j G Z2, and moreover and arc orthogonal with respect to (•, •) 
whenever i ^ j. 

Using the latter and Lemma [T] we can decompose the derivation algebra of 
K' into a symmetric pair: 
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Lemma 7. Let us define 

dero K' = P(A^K^® A^K'i) 



Then 
with 



deri K' = V{K'oAK[). 
der K' = dero K' ® deri K' 

[der, K',derj K'] = dci\+j K' (1.5) 

der, K'(K;-) C K^+j- (1.6) 



where i,j G Z2. 

Proof. Using the formula for T>, we have 

I?(K',^ AKy(K;)cK:^+,,+,, 



which imphes (1.6 1. Then, using equivariance of 2?, (1.5) folfows immediately. 
Now, since der K' is the image of A^K' under T>, it is clear that derg K' + 
deri K' = der K'. It remains to check that the intersection of these spaces is 
zero. But that already follows from (1.6 1. □ 

We are now interested in identifying the algebras dero K'. Note first, that it 
is a property of the Cayley-Dickson construction, that every element of the even 
subspace may be represented as a product of two elements of the odd subspace - 
thus the representation of dero K' on K'^ is necessarily faithfuj^and there exists 
an injective homomorphism dero K' so{K'i, (•, •)). In fact, one finds that it is 
also surjective: 

Lemma 8. dero — so(K[, (•,•)) 

Proof. Trivial for K' = C, and straightforward for K' = H, with dero lEI gener- 
ated by adi = ^'Dj k. 

The octonionic case, however, is more involved. As so(4) ~ sp(l) ® sp(l), we 
shall construct two homomorphisms form sp(l) to derg O and check that they 
combine into an isomorphism from so (4) to dero O. 

To this end, we consider the usual Lie algebra sp(l) of imaginary quaternions 
with the commutator as a bracket. This algebra acts with left and right mul- 
tiplications on O = EI © ffl, preserving the decomposition (/ is some imaginary 
octonion orthogonal H C O) . This gives rise to four irreducible four-dimensional, 
and necessarily equivalent, representations of the algebra, namely: 

q^Lq\m, q^Lq\m, q^Rq\u, Rq\m 

for q E ImH ~ sp(l). There in particular exists an orthogonal intertwiner of left 
multiplications 

pip{x) = ip{px) (1.7) 
for p £ ImH and x G H. Orthogonality implies ip{x)'^ = —\x\'^. 



^ Indeed, assume that d S dero K' acts trivially on K'j^. Then it acts trivially on entire K' 
and thus d = 0. 
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We now define the maps 

: IniH^ so(0) 

£(g)|H = ad, £'{q)\M^O 
£{q)\m^Lq £'{q)\m^ ipo Rgo ip-^. 

One readily checks that each of these is a Lie algebra honiomorphism and that 
£{q) commutes with £'{q') for q,q' E ImH (this is because left and right multi- 
plications commute, and ip is left-equivariant). It is also clear that the kernel of 
£ ®£' : ImH ® ImH so(0) is trivial. Thus we find that £ (S £' is an injective 
Lie algebra homomorphism from bo(4) ~ 5p(l) ©sp(l) to so(0). Moreover, the 
elements of its image explicitly preserve the decomposition O = H ® IM. 

The last step is to show that £q and £g for q £ ImH are derivations (for 
the moment we write the first argument in a subscript). We have to check the 
Leibniz formula patiently for the products xy, xip{y) = —(p{y)x = ip{xy) and 
ip{x)ip{y), where a;, y £ H. The first case is obvious (clearly, £q and £'^ restricted 
to H are derivations of the quaternions). Evaluating the next one, we have: 

£q{ip}{xy)) = (fiiqxy) = [q, x]ip}{y) + xip{qy) = £q{x)(p{y) + x£g{(p{y)) 
^'q{f{xy))= (p{xyq) ^ £'g{x)ip{y) + x£g{Lp{y)). 

To handle expressions like ip{x)ip{y), we use the orthogonality of ip and multiply 
equation ( |l.7[ ) with p{px) on the right and p^^ on the left to obtain (p{x)p{px) = 
—p~^\p\'^\x\^ Then, setting p ~ yx~^, we get 

'P{x)'p{y) = ~xy. 

We can now check the following: 

£q{-xy) = -[q.xy] = ~qxy + xyq = £g{p{x))(p{y) + ip{x)£q{(p{y)) 
^q{-xy)^ ^ -xqy - xqy = £'g{p{x))(p{y) + ip{x)£'^{ip{y)). 

This way we have checked that the image of £ Q) £' is indeed in dero O. Finally 
then, there is an injective homomorphism 

£®£' : so(4) ~ sp(l) e sp(l) ^ dero O, 

and thus an isomorphism. □ 

The maps £ and £' will be used once again in the sequel, so let us mention 
them in a separate 

Corollary 1. There is an isomorphism of Lie algebras 

£®£' ■ sp(l) © sp(l) -> dero O, 

where £ and £' have been introduced in the proof of Lemma^ When restricted 
<o H C O, the image of £ is der H ~ sp(l) while £' is trivial. 
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1.1.5 Symmetric pairs related to the Magic Square 

Let us recall the definition of our magic square algebras: 

m{K, K') = der K' der (jsK ImK' s^glK, 

where, as before, K' ^ M. We can now apply the Cayley-Dickson and induced 
decompositions to K' and der K' in the latter formula, and try to group the 
resulting subspaces into a symmetric pair. A natural candidate for the latter is 
easily found, and we have the following 

Lemma 9. The decomposition m{K,K') = g{K,K') ® 1^(K,K'), with 

g{K, K') = der [}3lK ® dero K' ® ImK^ (g) s()3K 
F(K, K') = deri K' K[ ® stj-^K 

yields a symmetric pair. 

Proof. Let us for the sake of brevity omit (K, K'), writing simply g and V. What 
has to be checked is that: 



[fl,B]C0, [q,V]cV, [V,V]Cb- 

Note first, that der fjsK commutes with der K' and acts only on the stj^K factor 
in ImK' (g) s()3K, so we already have 

[der f)3K, g] C & [der f^gK, V] C V. 

The other conditions basically follow from Lemma [7] Indeed, the latter implies 
that dero IK'®deri K' is itself a symmetric pair. Moreover, as dero K' preserves 
the Cayley-Dickson decomposition, we have 

[dero K', g] C & [dero K\V] C V. 

Furthermore, as deri K' maps Kq into K[, we have [ImKJ, (g s[)3K, deri K'] C 
s[)3K. Using (1.4), the definitions of Lemma [t] and orthogonality of the 



Cayley-Dickson decomposition, we also find that [ImKp ® sl)3K, K'j^ (g) s[)3K] C 
K[ (g sf)3K. Combining these gives 

[liaK'o ® sfi3K, g] C g & [ImK'o g) sfigK, V] C V. 

We finally have to check the [V, V] bracket. Recalling that deri K' is in the 
odd subalgebra of the derivations, and that it maps K'^ to IrnKp, we have 
[deri K',V] C g. Using ( |1.4[ ) once again, we also find that [K[ (gs[)3lK, K'l g) 
sf)3lK] C g. Thus we have checked that [V, V] C g, which completes the proof. □ 

What we claim now, is that the pairs g(K, K')®y(K, K') are exactly the ones 
corresponding to the symmetric spaces described in the introduction. Recall, 
that we wanted the subgroups in the three families to be, respectively, those 
of the first column, those of the second column times an additional U(l), and 
those of the third column times an additional Sp(l). We will first show that the 
algebras g(K, K') are indeed of this form. 
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Proposition 2. There are isomorphisms of Lie algebras: 

0(K,C) ~ M(K,M) 
0(K,M) ~ M(K,C) ©u(l) 
0(IK,O) ~ 9}t(K,H)®sp(l). 

Proof. In the first case, we have immediately g(K, C) = der [)3K S!Jl(K,M). 
In the second one, we recall that dero H ~ u(l) is generated by ad^, and thus 
preserves ImHo = iM C H. It then follows that 

0(K,H) = u(l) ®der [)3K ® « (g) stjgK = u(l) ® a)t(K, C), 

with the rightmost expression being a direct sum of Lie algebras. Finally, in the 
last case, we recall from corollary [l] that derp O ~ sp(l) ®sp(l) with the first 
5p(l) acting on H C O as the derivations der H, and the other one - trivially. 
We then have 

0(K, O) = sp(l) ® der H © der [)3K © ImH ® 5\]^K = sp(l) © 9Jl(K, H) 
with the rightmost expression being again a direct sum of Lie algebras. □ 

Our next goal is to describe the adjoint representations of 0(K, K') on 
y(K,K'), showing, in particular, that they are faithful and irreducible. It will 
then turn out, that the connected subgroups of GL(1/(K, K')) resulting from ex- 
ponentiating the adjoint representation of 0(K, K') are indeed the magic square 
groups (admitting a nice description in terms of invariants) , possibly augmented 
by an additional U(l) or Sp(l), corresponding to a complex or quaternionic 
structure on y(K,K'). 

1.2 More structure on Jordan algebras 

Before we can perform what has just been indicated, we need to introduce some 
further structure on the Jordan algebras tjsK, and their related Freudenthal 
Triple Systems (FTS, to be defined). 

1.2.1 The determinant and Freudenthal product on [jsK. 

If the dimension of a (commutative) algebra is finite, it is clear that subsequent 
powers of an element of the algebra cannot be linearily independent. Instead, 
they satisfy a characteristic equation, polynomial in the element of the algebra. 
In case of the algebras of our interest, f)3K, the characteristic equation is of 
degree three: 

Lemma 10 (cf. ^l]|T8]). There exist natural maps T,S,N : \]^'K — > M, respec- 
tively linear, quadratic and cubic, such that for each X G t)3K the following 
holds: 

~ T{X)X^ + Six, X)X - N{X, X, X) = 0. 
They may be expressed using the product and trace, as follows: 
T{X) = iiX 
S{X,X) = \{irXf-\trX^ 

N{X, X, X) = itrX-"^ - hrXhrX + ^(trX)^ 
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The cubic form N is usually referred to as the norm. One can however 
check, that for all four K it exactly conincides with the matrix determinant, 
and we will use this more familiar notion in the sequel. To avoid explaining 
the subtleties of an octonionic determinant and proving the identity, we simply 
define the symbol det using the formula given in the Lemma: 

detX N{X,X,X) 

for X e f)3K. 

We are now naturally interested in the isotropy groups of the determinant. 
These are related to what is called the structure alebra str([}3K) C End(f)3K), 
namely the Lie algebra generated by all multiplications 

Lx ■■¥ ^ X oY 

for X e f)3K. 

Recalling Lemma |4] one has [Lx,Ly] G der f)3K, and naturally [d,Lx] ~ 
Lijf^^') for a derivation d E dcr fisK. It thus follows, that 

5tr(f)3K) =der l)3K®Lt,.,K, 

where LfjgK — {Lx \ X E fjsK}. Multiplications by multiples of identity generate 
the centre, and one can decompose str(f)3K) = LiM 5tro(()3K), where 

5tro(()3lK) = dcr t)3K ® L,t,^K, (1-8) 

and isijgK = {Lx \ X E stj^K}. The latter is called the reduced structure algebra 

of [)3K. 

Exponentiating these algebras to connected subgroups of GL([}3K), one ob- 
tains respectively the structure group Str(t)3K) and reduced structure group 
Stro(f)3K), with Str((]3K) = Stro([)3K) x M. Wc then have: 

Lemma 11 (cf. [22|21|23| ). The stabilizer of the map det : f^sK R m GL(1)3K) 
is precisely the reduced structure group Stro([}3K). 

These groups are found to (22j|2l]: 

Stro(l)3K) ^ SL(3,M) 

Stro(l)3C) ~ SL(3,C) 

Stro(t)3lHI) ~ SL(3,H) 

Stro(f)30) ~ Eei-26) 

(recall that SL(3,H) is the group of quaternionic matrices with the quaternionic 
determinant equal one, so that their Lie algebra s[(3,IHI) consists of matrices 
with vanishing real part of the trace). Note that these are non-compact forms 
of the second column of the magic square algebras. 

Another incarnation of the natural cubic form, useful in formulas, is the 
symmetric Freudenthal product, 

• : ()3]K X f)3K -> [)3K 

Wangberg |24| interestingly argues, tliat in certain sense Eg(_26) = "SL{3,0)". 



1.2. MORE STRUCTURE ON JORDAN ALGEBRAS 



19 



{X •Y,Z)= 3N{X, Y, Z) 
for X,Y, Z ^ f)3lK, together with a corresponding multiphcation map 

L'x -.Y ^ X mY 

and a quadratic map 



tJ : ()3K ()3K 
X'^ ^XmX. 

Expressing the latter using powers of X and their traces, and comparing with 
the formulae of Lemma 10 one finds that 

= {detX)X. 

1.2.2 FTS J^(f)3K) and the triple product. 

Freudenthal [25j26j27j28 originally constructed the group E7(_25) as the auto- 
morphism group of certain algebraic object, namely the space ()3O0[)3O®M0M 
equipped with a symmetric triple product, mapping three elements of the space 
to a fourth one and satisfying certain identities with respect to a natural sym- 
plectic form on this space. This construction has been extended in many ways 
(see [29 30| STj 32] ) . We shall be interested in four FTS associated with the 
four Jordan algebras fisK (where the case K = O corresponds to the original 
construction). 

Let us thus define the space of the FTS associated with [)3K to be 
T{\)-iK) = (M ffi fi3K) ® 
and equip it with a natural symplectic form 



) = (xy+(X,y))(eir;2-6^i), 



where X,Y ^ \)^K and x, ^i, ^2, ?/, '72 G Hi- 
Next, we introduce a quartic map Q : ^(f)3l 



such that for 



F : 



(1.9) 



1 



where X,X ^ f)3K and a;, a; G M, one has 

Q{F,F,F,F) = (X\X^) -a;detX-idetX 

The symmetric triple product 

r : .F([)3K) X .F(f)3K) x ^([)3K) ^ T{t)3K) 

is then defined by 



uj{F',t{F,F,F)) = Q{F',F,F,F) 



for F,F' G T{t}3K.). 
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We are now interested in the automorphism groups Aut(^([}3K)), defined 
to be the ones preserving both the symplectic form lu and triple product t, so 
that 

T{a{F),a{F),a{F))^a{T{F,F,F)) 

for a G Aut(J^([)3K)) and F E JF(i)3K). The corresponding Lie algebra, called 
the derivations der J-ilj^K), is given by the following 

Lemma 12 (cf. |23,25 ). The derivations of the FTS !F{t)3K) are the following 
subspace o/EndJ^(f)3K) : 

der T{i)3K) = HoideY [}3K ® fi3K) ® Wi(()3K ® [)3K), 

where the maps 

Ho ■■ der [)3K tjsK EndJ'^([}3K) 
Hi : 1)3^ ® i)3K EndJ^(()3K) 



are given by 

noiD,c) = 



niiA,B) 

as operators on T{\)3%) = (M f)3K) ® 



-A^ro 1 



A -2L\) \\ I \B 2L% I \1 



Sketch of a Proof. This form of the derivation algebra of ^^(fjsK) is usually pre- 
sented for K = O, as a construction of the exceptional algebra C7. However, the 
same reasoning works equally well for K = M, C, H. Indeed, let us write a generic 
element of EndjF(()3K) as 



k — 1 



for Afe e M, Hk,Kk G [)3K and E^ G End()3K, where is a basis in EndM^ 
consisting of matrices with one nonzero element. Then, expanding the equation 

Q{E{F),F, F,F)^0 for each F e J^(f)3K), 



and expressing F as in ( |1.9[ ) , one can solve it using the fact that a general map in 
Endf)3K stabilizing det is D + Lc for C S ijsK, D € der ijsK, and its conjugate 
w.r.t. (•, •) is _D — Lc- A general solution turns out to be the one given in the 
Lemma. One then checks, that it also preserves co, and thus is a derivation. 
Conversely, every derivation, preserving to and t, must also preserve Q. □ 

The argument we have just sketched leads to the following 

Corollary 2 (cf. f2^). The stabilizer of the map Q : J^{i)3K) R in 
GL(J-'(f)3K)) is precisely the automorphism group Aut(J^(f)3lK)). 
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These groups are found to be [33] : 

Aut(J^(l)3M)) ^ Sp(6,M) 
Aut(J^(l}3C)) ~ SU(3,3) 
Aut(J=-(()3H)) ~ SO* (12) 

Aut(^(()30)) ~ E7(-25). 

Note that these are non-compact forms of the third column of magic square 
algebras. 

For later use, we also equip J-"(()3K) with a scalar product 
where X,Y e (^sK and x, ^i,^2,y, f^i, ^72 G IR- 

1.3 Identifying the isotropy representations 

We have so far encountered three families of isotropy groups for certain struc- 
tures, namely: Jordan algebra automorphisms Aut(f)3K), stabilizer of the de- 
terminant Stro(f)3K) and FTS automorphisms Aut(^(f)3K)). While the first 
family forms exactly the first column of the magic square, the other two are 
non-compact forms of the second and third column. In what follows, we shall 
construct their compact forms in terms of unitary defining representations. 
We will need the following simple fact: 

Lemma 13. Let V be a real vector space equipped with a scalar product (•,•) 
and A C EndV a semisimple Lie algebra acting irreducibly on V. The scalar 
product gives rise to a decomposition 

A = ©-4s, 

corresponding to EndT^ ~ A^F ® S'^F. 

Consider now the complexification V'^ — C V equipped with a hermitian 
inner product given by a sesquilinear extension of (•, •), as well as the complex- 
ification of the algebra, Ac = C ® A C C ^ EndV ~ Endc(V^'''). Let now 

Au = Acn u{V^) 

be the antihermitian subalgebra of Ac- Then 

Au = Aa® iAs 

and is the compact real form of Ac- It moreover acts complex- irreducibly on V'^ - 

Proof. The form of follows simply from the consideration of — A!\®iAs® 
iAA © As where first two summands are antihermitian, while the other two - 
hermitian. Moreover, being a semisimple subalgebra of the compact algebra 
u{V^), Au is compact. 

Finally, assume that there is a complex subspace of preserved by The 
subspace is necessarily of the form W iW with W C V. An element / S A a 
maps w-\-iw' to f{w)-\-if{w') while is £ iAs maps the same to —s{w')-\-is{w)- 
Clearly, f{w),s{w') G W for each w,w' € W- Hence, W C V is fixed by the 
original A. But then W is either empty of V. Thus V'^ is irreducible. □ 
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Our isotropy represntations will turn out to be described by the following 
spaces: 

Vi(K)=sf)3K, V2(K) = C(8)[)3lK, VsiK) = C (g) T^jsK.), 

where V2(K) and V3(IK) are complex vector spaces equipped with hermitian 
inner products being sesquilinear extensions of the scalar products on, respec- 
tively, tjsK and JF([)3K), defined in the previous sections. The spcae V3(K) is 
moreover equipped with a symplectic form being the linear extension of uj. The 
interesting algebras acting on these spaces are: 

g'i{K) = der ()3KcEndVi(K) 
g'2{K) = [stro(t)3lK)]uCsu(V2(K)) 
g'siK) - [der.F(f)3K)]u Csp(V3(K),^), 

where CJ'2(K) and g'3(K) are the antihermitian subalgebras of, respectively. 



) stro(f)3K) and C (g) der J^{i)3K), as described in Lemma 13 



Using the Lemma and examining (anti) symmetry of elements of algebras 
defined in the previous section, we have the explicit forms: 

g'2(K) = der t)3K©zL3i,3K (LIO) 
g'3{K) = Ho(der ()3K®il}3]K)eHi(f)3Keif)3K), (Lll) 

where the maps Tip and Tii of Lemma |12| have been extended by linearity. 

We now exponentiate fJ'„(K), n = 1,2,3, to obtain connected subgroups 
tJ„(K) C GL(Vn(IK.)). In particular, ^2(K) and tJ3(K) are compact forms of the 
ones described in the previous section, as given in the following table: 



IK 


gi{K) 


a2(K) 


^3(K) 


R 


S0(3) 


SU(3) 


Sp(l) 


C 


SU(3) 


SU(3) X SU(3) 


SU(6) 


H 


Sp(l) 


SU(6) 


S0(12) 


O 


F4 


E6(-52) 


E7(-133) 


a2(K) 


C SU(V2(K)) 




g^iK) 


C Sp(V3(K),a;). 



with 



We now arrive at the main point of this section: 

Proposition 3. The isotropy representations of the magic square symmetric 
spaces are extensions of those o/CJ„(K) on V„(K) with n = 1, 2, 3 in, respectively, 
first, second and third family, i.e.: 

1. There exist isomorphisms (respectively of Lie algebras and of vector spaces) 

Ff : g'i(K) ^0(K,C) 
: Vi(K)^F(K,C) 

such that, for each A e ^'i(K) and X e Vi(K), 

[Ff{A),Fr{X)]^Fr{A{X)). 
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2. There exist isomorphisms (respectively of Lie algebras and of vector spaces) 

Fl : g'2{K) ^ m{K,C) C fl(K,H) 
F^ : V2(K)^F(K,H) 

such that, for each A e tJ'2(K) and X e V2(K), 

[Fi{A),FY{X)]=F^iA{X)). 

Moreover, as Lie algebras, 

0(K,e) = ^^|(g'2(K))eu(i). 

Once we use FY to identify C (8) ()3K with V{K,M), a generator i of this 
extra u(l) c 0(IK, H) acts on C (Si [jsK as e C. In other words, it 

defines a complex (hermitian) structure, with respect to which fl(K,H) c 
u(dim fisK). 

3. There exist isomorphisms (respectively of Lie algebras and of vector spaces) 

Fi : g'a (K) -> $H(K, H) C q{K, O) 
FY : V3{K) -> V{K,0) 

such that, for each A e Q'^iK) and X e V3(K), 

[F§{A),fY{X)]=fY{A{X)). 
Moreover, as Lie algebras, 

0(K,O) = F|(g'3(K))®sp(l). 

Once we use F^ to identify J-"(f)3K) with V{K, O), the generators i,j, k 
of this extra 5p(l) C fl(K, H) act on C (g)^(f)3K) as I, J, K given explicitly 
by: 

I{X) = iX, {X,JY) =(j{X,Y), {X,KY) =iuj{X,Y). (1.12) 

In other words, they define a quaternionic (hermitian) structure, with re- 
spect to which £|(K,0) C sp(dim()3K+ 1) ©6p(l). 

Corollary 3. 

1. The adjoint representation 

ad : 0(K,K') Endy(K,K') 
is faithful and irreducible. 

2. Let G(K, K') be the connected subgroup o/ GL(V^(K, K')) obtained by ex- 
ponentiation of the image of q{K,K') under the adjoint representation on 
V{K.K'). Let us moreover identify V{K,K') with V„(IK) using F^ with 
n= 1,2,3 for, respectively, K' — C,H,0. Then: 

G(K,C) = QiiK) 
G(K,H) = g2{K) ■[]{!) 
G{K,0) = a2(IK)-Sp(l) 

where the U(l) is generated by the natural complex structure on V2(]K) and 
the Sp(l) is generated by the natural quaternionic structure (induced by to 
and the hermitian inner product) on V3(K). 
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The rest of this section is devoted to proving the Proposition (and may be 
skipped by the inpatient reader). We first need to complete the discussion of 
der O started in Lemma [8] Recall that in Corollary [l] we have stated that the 
subalgebra dero O is isomorphic to sp(l) sp{l) ~ ImH ® ImH via the maps £ 
and £' . To parametrize deri O, wc introduce for each q € ImH a map 

Bq-.M^ deri O 

for a; e H. 

Recall that deri O maps H to ZH. The action on ImH is given in a useful 
form by the following 

Lemma 14. Let r, s be orthogonal unit imaginary quaternions. Then for x S H 
the following holds: 

Br{x){r) = Arip{x) 
Bs{x){r) = -2r^{x) 



Proof. First, we have 



where we used the alternativity of O (i.e. antisymmetry of the associator, equiv- 
alent to a^b — a{ab)) and the fact that elements of ImH anticommutc with 
elements of ffl. Then, we have 

'^s,sv{x){r) = [[s,SLp{x)],r]-2,[s,sip{x),r] 

= Arip{x) — 3r(^(x) — ?is{r{sip{x))) 
= -2r<^(a;), 

where we used the fact that orthogonal imaginary quaternions anticommute, and 
checked explicitly that s{r{sx'))) — rx' for x' € O. This proves the Lemma. □ 

It is clear that the maps Bi, Bj and Bk cannot be independent. Indeed, one 
can check that Bi + Bj + Bk — (note that the map q ^—^ Bq is quadratic in 
q, so that the latter sum is simply a polarised version of B evaluated on the 
sp(l)-invariant quadratic element). We choose two combinations of Bi and Bj, 
adapted to the goal of constructing the intertwiner : 

Lemma 15. Let us define two maps B',B" : H dcri O, 
B'^B,- B, , B" = iBk = -3(S, + Bj). 

Then the map 

6' X : H e H deri O 

is a bisection. 



The proof is by direct calculation with help of computer algebra. Finally, 
the adjoint action of derg O on deri O is given by the following 
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Lemma 16. Let us use B' x B" to identify deri O with H ® H = ^ jfj^ j^/jg 
the adjoint action o/dcro O on deri O ~ (g) EI is: 

f ^ -3A r 



3 

ad/crn = ( , „ 1 ^ 



-3 



and, /or (7 G ImH, 



ad£(fc) - I 1 



ad£'(g) =iA®Rq 



Proof. Let us compute the commutator of £{s) and for s,r being unit 

imaginary quaternions: 

where we used the equivariance of T) and the identity [r, s] = 2rs + 2(r, s). In 
particular, 

[£{s),Br{x)\ — 2Bsr{sx) — Br{sx) for s±r. 
The commutator of £' {s) and Br{x) is simply 

This proves the Lemma. □ 

We are now ready to prove the Proposition. 

Proof of Proposition^ We first notice, that it is enough to check the inter- 
twining property 

- then the fact that FY2 3 is an isomorphism between the vector spaces of two 
faithful representations already implies that Ff2 3 is an isomorphism of Lie 
algebras. 

In the first family, the algebra is Q' i{K) = der ()3K and the representation 
space is Vi(K) = sl)3K. On the other hand, since der C is trivial, we have 
y (K, C) = iM (g) s[}3K, which is naturally identified with 5f)3K and 0(K, C) = 
der f)3K. The maps F^ and Ff can be simply set to identity, and point 1 of the 
Proposition follows. 

In the second family, the algebra is G'2{^) = der ij-^K © iL^fj^E. and the 
representation space is V2(]K) — C ^ i)3^- On the other hand, since 

dero 11 ® deri HI — Spanjadi} ® Spanjadj, adfc}, 

we have 



g{K, H) der i)3K ® Span{adi} © iM sf) 



3^ 
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F(K,]HI) = Span{adj, adfe} 8 jC sfjgK. 
The subspace Tl{K, C) C q{K, H) is der f)3K « sfjgK. We now define 

F| (£)) = £), F| {iLx) =i®X 

for £) e der f)3K, X e stjsIK, and 

F^{z O X) = ^ad^j- + zj ® Xi 

for ^; e C and fjsK 9 X = X^l + Xi where Xq G M, Xi e sligK. 

Now, we check that, for D e der fjsK, X e sfigK, z € C and fisK 9 F = 
IqI + ^1 where Yq G M, Fi e sfjgK, the intertwining property holds: 

[Fi{D),FY{z®Y)] = [A y ad,,- + ® Fi] 

= zj®D{Yi) 

= FY{z(S,D{Yi)) 

= F^{D{z®Y)). 
Y 

[i (g) X, y ad^j + zj (g) Yi] 

izj O Fo^ + <»{Xx Fi) + ^i)adi;,j- 

IhiX, Fi)ad,,, + ® (FqX + X x Fi) 
6 



[Fi{iLx),F^{z®Y)] 



= F^iizi 



-h{X,Yi) + {YoX + X xYi) 



) 



FY{iLx{z®Y)). 



It remains to notice that the the generator of the remaining subspace R C 
fl(K,]HI), namely |adi, acts as multiplication by in C (g) i)3K : 



[-ad,,FY{z(®Y)] 



1 Y 



2 

= F2^(i2(g)F). 



a^dizj + izj ig) Fi 



Thus point 2 of the Proposition follows. 
In the third family, the algebra is 

g'3{K) = Wo (der fisK 8 if)3K) 6 Wi(f)3lK ifjsK) 

and the representation space is 

V3(K) = C (g) jr(f)3K) ~ (K e f)3]K) C^. 

On the other hand, we have 

fl(K, O) = der tj^K ® dero O (ImH (g s()3K) 
y (K, O) = deri O © (/H (g st)3lK) , 
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where the derivations are identified with certain quaternionic spaces: 

dero O = {£x £'){lmM ImH) 
deri O = (B' X B")(HeH). 

To relate the latter spaces to the former ones, we note that the space 
becomes an irreducible left EE— module with the action assigning to g € H an 
operator Tq : ^ given by 

S), rj=(^^ rfe=(; n=id. 

As its dimension is four, there exists an intcrtwiner 

V' : ^ H 

for g G H, ^ G C^, where Lq is the left multiplication by q in H. 

As the reader may expect, ^ will relate the C-^ factor in C (g) J^(f)3K) to the 
quaternionic factors in F(K, O). One also needs to note that the fjsK spaces 
on the FTS side must be decomposed into K © 5f)^K. as the Tits construction 
features only the traceless subspaces. Clearly, the traces are then to be identified 
with certain elements of der O. 

It is convenient to identify the two representation spaces with an intermediate 
one, namely (K ® K ® s^al^) ® so that we have the isomorphisms 

: (M © i)3K) ® ^ (M © M © sfjgK) ® H 

(a;, X) ^ {x, Xo, Xi) O V(0 
for X = XqI + Xi where x, Xq e K, Xi e sf)3]K, and 

: (R © M © sljsK) O H ^ V{K, O) 

(y', y", F) g ^ B'iy'q) + B"{y"q) - 12^(g) Y 

for y,y' G M., Y G sl^^K and q G M. We define the intertwiner to be their 
composition, 

i<3 = z/ o /i. 

Then, for A = AqI + Ai where Aq G M, Ai G s()3K, and B = BqI + Bi, C = 
CqI + Ci in the same manner, and D G der ()3]K, we define 

F| : ^;'3(IK) ^ der f}3K © dero O © (ImH ® s\)^K) 

Fl{Ho{D,iC) + Hi{A,iB)) = D - Bo£{t} + Ao£{j) + Co£{k) 

+i O 2Bi - j O 2^1 + fc O Ci. 

Clearly, the image of is 

q{K,0) DTl{K,m) =der f)3]K © f (ImH) © (ImH 5f)3K), 
so that fl(K, O) = 9Jl(IK, H) © £:'(ImH). 
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To check the intertwining property, we must find the action of both 5'3(K) 
and F§{g' 3(K)) = m(K,B.) C 0(K,O) on (M ® K ® sfjgK) « H (via the identifi- 
cations ^, v) and show that they agree. 

As the action on the FTS side contains the maps L* and L on fjsK, we have 
to decompose them with respect to f)3K = MffisfjgK and express in terms of , 
the multiplication map corresponding to the product x : st);^K x st)^]^ stj^^K. 
Recalling {X • Y, Z) — 3N{X, Y, Z) and using the defining indentity for N 



(Lemma 10 1, we find that 



X mY = X oY + ^trX trY - ^ [{X, Y) + {ti-Y)X + {trX)Y] 
for X,Y ^ flalK. Now, regarding the expressions on the r.h.s as elements of 



we have: 



XoY 
X»Y 



(Xi, Fi), Xi X Fi + XoYi + Fo^i 



(Xi, Fi), Xi X Fi - ^XoFi - ^FoXi 



and 



(X,F> = 3XoFo + (Xi,Fi) 



for X = XqI + Xi and F = FqI + Fi where Xq, Fo G M and Xi, Fi e sfigK. 

Using these formulas and the definitions of Tio and Tii, we find that the 
element 

Ho(^,«C')+7ii(AiB)ee'3(K) 



corresponds via /x to the following operator on (1 



o [Wo(£', jC) + Hi (A, zS)] o 




\h{Ax) 











Co 


r ■ J 

















(1.13) 



We now have to find the action of the image of 7io(-D, iC) +7ii(yl, iB) under 
i^^g , namely 

D - Bo£{i) + Ao£{j) + Co£{k) + i (E) 2Bi ~ j (E) 2Ai + k (E) Ci, 
an element of g(K, O), while V{K, O) is identified with (E ® M ® stj^K) ^ H via 
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Acting with the der [jsK ® derp O part is easy, as we have already found all 
the necessary formulas while discussing the octonionic derivations in the present 
section. We still need to compute the following commutator in 9}l(K, O): 

[r(E>Ai, B\q')+B"{q") + ^{q)<E>Xi] = - ^h{A,, Xi)Br{rq) 

+ (p{rq) (g) {Ai X Xi) 

for q^q' ,q" € H, Ai,Xi G sf)3lK and r a unit imaginary quaternion. Having all 
that done, we arrive at precisely the same operator as in (1.131: 



V ^ o ad 



[D-Ba£{i)+Ao£[j)+Ca£(k)+i®2Bx-j®2Ai+k®Ci\ ° V 




«) 1. 

V w 

so that 

^(^F^'ino{D,iC)+niiA,iB)] o (j/ o /i) = o /x) o [Ho{D, iC) + Hi{A, iB)] 
as claimed. 

Finally, wc need to check the action of the remaining £'(ImH) ~ sp(l) on 
C (g) JF(t)3K). Using once again the formulas for octonionic derivations, wc find 
that £'{q) acts on (M E ® sfigK) (g) H via 

id(g) i?^ 



where R is the right multiplication map on the quaternions. 

Thus the corresponding algebra sp(l) acting on (E0 flsK) (gC^ is generated 
by three complex structures, which we choose to be 

/ = id (E) {iIj^^ o R, o ip) 

J = id(g) (V""^ o o V') 
K = id(g) (t/)"^ o o V). 

These can be brought to the form demanded by the Proposition once the inter- 
twiner t/i : C'^ — > HI is set to: 
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Then we indeed have, for a; G M, X G f) 

I{{x,X)(g){zi,Z2)) = 
J{{x,X)(g>{zi,Z2)) = 
K{{x,X)(g){zi,Z2)) = 

Compared with the formulas for the ir 
completes the proof. 



3K and Zi , Z2 G C : 

- {x, X) (g) {izi,iz2) 

= (g) (Z2,"^i) 

- {x, X) 1^ (iz2, —izi). 

mer product and symplectic form, this 

□ 



1.4 Constructing symmetric invariants 

Now that we have found that the isotropy representations of our symmet- 
ric spaces are in fact the natural representations of certain automorphism or 
isotropy groups (up to complexification) , extended by the action of a natural 
complex or quaternionic structure, we can get the symmetric invariants almost 
for free. 

While the situation is clear in case of the first family, the spaces 

V2(K) = C(g()3K, V3(K) =C® J^([)3K) 

of other two families can be viewed either over M or over C. Since we will 
ultimately be dealing with real geometry, the next lemma and proposition are 
referring to the real vector spaces V2,3(K) (although the proofs will in turn utilize 
the complex point of view) . These are naturally equipped with a positive-definite 
scalar product, denoted in both cases by g and defined as follows: 

g : S^V2(K) R 

g{z®X,z®X) = {z,z){X,X) 
for z G C, X G f)3K and 

g : S'^V3(K) ^ M 

g{z ® X,z® X) ^ (z, z) {X, X) 

for z G C, X G jF(f)3K). This is the scalar product the word 'orthogonal' will be 
referring to. The spaces V3(K) are moreover left H— modules, with the action 
of a quaternion g G EI being Lq G EndV3(IK), such that 

Li = /, L.J = J, Lfc = K, Li = id, 

where /, J, K are the maps defined in point 3 of Proposition [3j 

Observe that the problem is to turn the invariants of Q2,d,{J^) into maps 
invariant under the action of the complex or quaternionic structure. This is 
fairly simple in the second family. The same task for the third family invariants 
is fulfilled with help of the following lemma, which produces an H— equivariant 
tensor on C (g) JF(t)3K) from a symmetric tensor on JF([}3K) : 

Lemma 17. Given a tensor t G S'^J^(f)3K)*, define the map 
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to be the dual, with respect to the natural scalar products, of the map 

where t € S^V^i]^)* is defined by 

i{Z®P) = Re{zP) ■ t{X®P) 

for Z ^ z(g)X e V3(K), where z £ C and X e T{i)3K). 
Then t^ is equivariant in the following sense: 

tLoLq^ RqOtL VqeU. 

Proof Let x,w e M and Z = z (g) X e V3(K). We have 

{tUiL,Z)^P),w'^n = tliw^P,iL,Z)^P) 
= i{{L^,ZfP) 
= tl{{wx)^P,Z'~^P) 

= {tL{z'~^p)A^^rn, 

where (•, •) denotes the natural scalar product on S^M (induced by the one on 
H) . Nondegeneracy of the latter implies 

tL{{L,Z)'^P) = R*jLiZ'^P), 

where i?* = R^ is dual to R^ with respect to the scalar product. □ 

Finally, the invariants defining G(K,K') are given by the following 

Proposition 4. Let us identify V{K,K') with V„(K), where n = 1,2,3 for, 
respectively, K' = C,IHI, O, as in Corollary^ consider all of them as real vector 
spaces. Let Ci,C2,C3 be some nonzero constants (introduced to simplify further 
formulas). Then: 

1. G(K,C) is the isotropy group of the tensor 

T : 5^Vi(K) M 
T{X,X,X) = ci(X X X,X) 

for X Vi(K). 

2. G(K, H) is a connected component of the orthogonal isotropy group of the 
tensor 

S : S^V2{K) M 
Z,Z,Z, Z, Z) = cl\z\^{detXf 
for Z ^ z(E)X e V2(K), where z e C and X £ t^sK. 

3. G(K, O) is a connected component of the orthogonal isotropy group of the 
tensor 

13 : 5'*V3(K) 

U{Z, Z, Z, Z, Z, Z, Z, Z) = clW Ql{Z, Z, Z, Z)f 

for Z e V3(K), where \\ ■ \\ is the natural norm on S^M (induced by the 
scalar product) and Ql is defined as in Lemma 17 
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The rest of this section is occupied by the proof. We first need to set up 
some notation. 

Remark 1. Consider on V2(K) = C (g) t)3K and V3(K) = C (g) T{t)3K) a complex 
structure given by multiplication by \/— 1 in the C factor, (corresponding on 
V3(K) to I defined in point 3 of Proposition |3]) . In the following, it will be the 
distinguished complex structure on these spaces, the terms complex-linear and 
antilinear refer to. 

Let us from now on assume n = 2, 3 and K to be fixed. The (complex) space 
of complex- valued oneforms on V„(K) decomposes into the complex- linear and 
antilinear part, which we denote using, respectively, Vc* and Vc ■ 

V*(K) = ©K*. (1.14) 

One extends the decomposition to complex-valued alternating and symmetric 
forms, so that 

A£V:(K) = A"^'^ 

r-\-s—p 
r+s—p 

where the elements of A''^'' (resp. S*""^^) are alternating (resp. symmetric) forms 
expressed as sums of expressions linear in r and antilinear in s arguments. We 
shall make use of the natural isomorphisms 

Sr,s ^ S"''0(g,5°'" (1.15) 

defined as orthogonal projections in (g)''+*[C (g) V*(K)]. 

The duals to Vc* and Vc are the genuinely complex spaces Vc and V^ and 
there is a complex-linear isomorphism Vra(K) ~ Vc and an anti-isomorphism 
~ : Vc — > Vc, i.e. complex conjugation. One can view Vc (resp. Vc) as the space 
of linear (resp. antilinear) maps from C to V„(K). 

The hermitian inner product on V„(IK) is represented by a tensor ft. € 14 ^ 
Vc* , inverse to ft~^ € Vc gi 14 : 

h{Z, Z') ^ zz' ■ {X, X') ioT Z ^ z®X, Z' ^z' ® X' 

and defines isomorphisms Vc — Vc* and Vc* ~ V- We now introduce the abstract 
index notation with lower latin indices a,b, . . . indexing copies of Cg) V*(K) and 
unbarred and barred greek indices, resp. a, . . . and a, /3, . . . , indexing copies 
of resp. Vc* and Vc ■ Upper indices of the same kind naturally index dual spaces. 
Greek indices corresponding to latin ones denote subspaces. In this manner, the 
real scalar product g defined previously, is 

Via the scalar product, we have so(V„(K)) ~ A^V*(K), so that 
soc(V„(K))~A2'OeAO'2©Ai'i. 
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In particular, ReA^'-'^ ~ u(V„(K)). The hermitian product h^/s and the inverse 
h"^ are used to lower and raise indices. The generator of u(l) corresponding to 
the complex structure is 

On V3(K) there is moreover a distinguished two-form, denoted by slight 
abuse of notation by 

t^a/s + ^&j3 e Re(A2'° © A°'2), 

where ujap G A^'° is a linear extension of the symplectic form oj on JF(()3K) : 

Lo{Z, Z') = zz'uj{X,X') 

iov Z ^ z® X, Z' ^ z' ® X', z,z' e C, and X,X' e ^^(bK). The subgroup 
of U(V3(K)) preserving oj is Sp(V3(K), w), with the Lie algebra sp(V3(K),aj) C 
ReA^'^ consisting of maps Eab = &a/3 + b^p such that 6''[qW;3]^ = and ba/s — 

—b pa- 
in general, ld defines an isomorphism 

A^^' 3 bap - b-p^ ^ b^'^uJs^, e K; <^ (1-16) 

such that 

C(»sp(V3(K),tj) ~ 3"^'°. 

The complex structures of Proposition [3] are / = 6* G u(l) and J,K £ 
Re(A2'0 ® AO'2) : 

lab = Sab, Jab = ^ap + ^ap, Kab = ~iL^ap + i^afl, 

and itself satisfies ujafii^^p — ~hp^. These three generate the 5p(l). 
We can now start proving the Proposition. 

Proof of points 1 & 2 of Proposition 

1. In the first family, the group G(K, C) is simply Auti)3K acting in the 
natural way on Vi (K) = sf)3K. Now, the automorphisms of t)3K = M®sf)3K 
automatically preserve the trace, the latter decomposition and the scalar 
product on both [)3K and s()3lK. They moreover act faithfully on the latter 
space. It thus follows that they are the isotropy group of the cubic form 
X ^ {X, X o X) on f)3K, or - equivalently - of the cubic form X i-^ 
{X,X X X) on s[}3K. But the latter is, up to the constant ci 7^ 0, the 
tensor T. 

2. In the second family, we consider a rescaled linear extension of the deter- 
minant, 

G A{Z, Z, Z) = C2z3 det X 

and its complex conjugate, the antilinear cubic 

e S°ll, A(Z, Z, Z) = C2Z^ det X 
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for Z = z (g) X e V2(K) = C «) f)3K. Our tensor S is then 

S = A • A e RcS^'^, 



projecting under the isomorphism (1.15) onto a multiple of 

by a combinatorial factor. Let now E e 5o(V2(K)) be given by 
E = A + A + B, Ae A^-°, B e ReA^'^ 

Then 

{A + A){E) e S^'^®S^'\ 
B{E) e S^'^ 

and as such must both vanish independently if E is to preserve S. 
The projection of {A + A){E) onto S^f^^ S'^'^ is proportional to 

vanishing iff ^ = 0, since 

a(a:, •,-) = ^ L'x^O ^ X^O. 
The projection of onto S^'''^ 5'"''^ is proportional to 



B(A)(8)A + A®B(A), 
vanishing iff B{A) = A A with A e iR. Thus, if E preserves S, then 

^ab = ^ab — i^{hf}a — h^jj) = Bab - ^(^ab 

must preserve A. As the latter is the linear extension of the determinant, 
it follows that S° e C (8) 5tro(f)3K), and finally 

B = B" + X9eg'2(K)®n{l). 

Thus E preserves S iff A = and B E g(K, H), which proves point 2 of 
the Proposition. 

□ 

Proving the last point is considerably more involved. We consider a rescaled 
linear extension of the quartic on JF([}3K), 

90/375 e S*ll^, q{Z, Z, Z, Z) - c^z^Q{X, X, X, X) 

and its complex conjugate, the antilinear quartic 

fe075 G ^aVcd' ^{Z, Z, Z, Z) = c^z^QiX, X, X, X) 

for Z = z^X e VsiK) = C(g> tjaK. 

As the tensor O has been defined in a rather obscure form, we need some 
more convenient formula. Note first, that, being a symmetric rank eight tensor, 
invariant with respect to /, it must be in S*^'* (invariance follows from Lemma 



17 1. We now have the following lemma, to be proved in the next section: 



1.4. CONSTRUCTING SYMMETRIC INVARIANTS 



35 



Lemma 18. The projection ofl5e 5^'^ onto 5^'° S°'^ is 

256 

l5|s4,o^SO,4 = — (1(g) J*)P44(g«)g), 

where P44 : S^'° ® 8'^'° 8^^'° O 8'^'° is the projection 



{P^^)tt Iter = C''i<JtM,€K\ 



on the subspace corresponding to the Young diagram with two rows of four boxes 
each, and J* denotes the map taking ta/s-ys € '^tbcd ^'^s^" 4,^''k^'^ xtiJivpa € 

^efkV 

From now on, we define 



K, = dim M. and C3 = 24 



k; + 3 



to claim the following: 
Lemma 19. 

1. Introducing % = and N = dim 14 = 6k + 8, the tensor q satisfies the 

following identities: 



q 

N+1 
2 

2. Let us introduce a map 



Vq : 5*2^° -> S^'° 
8l'° B h^fi ^ Vq{b)^fi = b^^q^'^P^ujpo.i^^ff e 8l^°. 
Then, with respect to the decomposition 

^2'° ~ C sp(V3(K),a;) = C [g's{K) G'si^)^], 

the map T>q is given by: 

^<zle'3(K) = -Vk + 3 

^9le'3(K)-L = 

It also satisfies: 



K + 3' 



= 1 - x-D,. 

This one is also proved in the next section. We are at last ready to check the 
stabilizer of 15. We shall deal with it in two long lemmas, splitting so(V3(IK)) 
into u(V'c) and its complement. 
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Note that the term P44(g (8) q) in our expression for the 5*'° 
ponent of U is itself an element of S''*'" (g) S"*'°, i.e. it is completely linear. 
It is then convenient to consider only the EndVc component of elements of 
u(V3(K)), so that a map F^'t = /"^ + /"^ e u(V3(K))'^f, is represented by 
/"a G u(Vc)"/3 C (EndVc)"/3. (the isomorphism V3(K) ~ Vc is imphcit). The 
algebra u(V'c) decomposes into the symplectic subalgebra and its complement, 
such that 



where the isomorphism is given by ujai3 as in (1.16). In the following we will 
omit indicating the complexifications of algebras explicitly - it is clear that the 
final stabilizer is an intersection of a complexified one with the real algebra 

B0(V3(K)). 

Lemma 20. The stabilizer algebra ofU in su{Vc) is Q'3{K). 

Proof. Let E = A + B + C with A G G'sO^), B G ^'^(K) c sp{Vc) and 
C G 5p^{Vc) C 5\x{Vc). Clearly, [A J] = [B,J] = and CJ + JC = 0. Now, 
according to the previous lemma, we have 

E{U) = E{{1 (g) J*)PiA{q ® q)) = 0. 

Using the properties of A, B and C, we have 

{l(g)J*)o[{A + B + C)(g>l + l(g){A + B-C)]o Pii{q (g,q) = 0, 

which under the action of 1 (g) J^^ yields 

[{A + B + C)(E)l + l(g){A + B- C)]P44{q (E)q)^0. 

However terms involving A shall obviously vanish, it is instructive to keep them 
for the sake of verification. Wc shall contract the latter expression with two 
copies of q : 

{[{A + B + C)<E>1 + 1®{A + B- C)]P,,{q ® q)}^p^s,.p. q^^-^'r"'^ = 0. 
In order to simplify bookkeeping, we introduce the following maps: 

^' : su(14) ^ 5u(K) 



= {iF^l)PM{q^q)}^p,s,.p.^^^'''r'"'^ 
nF)i = {{l^F)P,,{q<E>q)}^p^,^^^^q^P'>'r-'"', 



SO that our condition becomes <i>(^ + B + C) + \I'(^ + B - C) ^ 0. 

Expanding the projection P44, and utilising the symmetry of q® q, we have 
(for some irrelevant combinatorial constant c' 7^ 0): 



c'<^{F)i = 2q^(^p^F\)q^,p,q^P'''q^^''P'' 



3 1 

■^Qv{fj.{al3F^ fqS)iypcr) + ■^q{fj,{a/3'yF^ S)qiypcr)r] 



6 q^ip.io.F''pq,S)pa)q^^'''r'''" 
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and, similarly, 



3 1 
6 qn(a0i^.F\q,,)^s)q^0'''r-""' 



We will show that both and ^{F) are linear combinations of F and 'Dq{F), 
where the domain of T>q is trivially extended onto entire su(Vc) (so that sp^{Vc) 
is its kernel). To this end we first get rid of the symmetrizers: 



c' ^F)i 



3 1 

'^qr]ai3jF^ §q^i,pfj -\- -^qrjS^^F^ ccqfj^i,pfj 



4 2 



+ 6 



1 f 3 1 

~t~^ ^ '^q/xap^-F^ Sq^par} ~t~ ~^qiJ.5(i^F^ f^qi^ptj^ 

^qrjfiva-F^ pq^Spa '^qq^vfi^^^ aq^&pa 



ql.Pl&qlJ.vp<7 



and then perform contractions: 



d^{F)i = 



N{N + 1) 
2 



,-^,5 3/iV + l 



2 2 



3iV+ 1 
'2 2 



■? A/' -I- 1 

+ 2[(1 + x'WiF)i + xV,{F)i] + -(1 + x')^f « 



+3ip{F)i + 3x 



1 



where in the last lines we used the following identities: 

qaffni^q^^^'^qpajS = (1 + X )qai3-yS + -^{^ai^l35 + ^aS^ff-f) 

qa^.xo^^''uj^^qpa0.(f''''' = (-^ + X') qa0.xo^^''o^^' + + S'j}) 

and we have introduced 

^{F)i = F^Alcpp^q^""- - \f^o. + \F\5i + xqo.,p.u:''^oj'"'F^^,, 

so that f{F) = ^F + xDq{F), since we assume F to be tracclcss (note also that 
the last term is indeed zero for F e sp^(V"c)). We perform the same operations 
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for : expand symmetrizers, 



3 fx 3 



+ 

+ 6 
and contract q : 



1 n 



4 1^4 



q^f^lS^fj.i^po- 



iV+ 1 



2 

3Ar + l 9 

'^ra - (^)« 



1 fN + 1 



a 2 2 ^" 



+ 3[(l + x')v(i^)|-fl',(F)«] 



liV + 1 . 1 , ^/ 
2— ^i+2^(^^)l 



+3 
+3x 

where in the last Une we used one more identity: 



l-xAv,{F)i-^{a{F)i-F'^,Si) 



and we have introduced a map 

a{F) = J-^FJ, 

so that (t|sp(v^) = id and <t|sp-l(Vc) = —id. The square of ip, appearing in the 
second Une, reads 



1 ^l + a 



We thus have: 
c' ^F) = {l-N + N^ + 3x^ 



F + X{l-X^)V^{F). 



N + A 



3x, 



^ F+'^V,{F) 



/ T/r.^ 8-27V-iV2-3x^(a- + 2) ^ 3x,„2 
d -^{F) = A V -r ) ^(3x -N - 



Using Vq{A) = A+, = A_, Vq{C) = and a{A) = A, u{B) = B, 

a{C) = —C, and substituting N,X±,x in 



<S?{A + B + C) + + B-C) = 0, 
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we obtain 



fl{K)B + f2{K)C = 0, 



where /i,2('^) are nonzero for k = 1,2,4,8 (note that terms involving A vanish 
as expected). Thus 

£{13) =0 =^ Eeg'siK). 
The converse is obviously true form the definition of U. 

□ 



Lemma 21. The subspace o/u-'-(V3(K)) c so(V3(]K)) stabilizing 13 is spanned 
by J and K. 

Proof. We shall repeat the procedure applied in the previous proof. Let 
We have E{13) e S^'^ 5^'^. Let us demand vanishing of the part in S^'^ : 
Acting with on five barred indices we obtain: 
where F^^ = -E^fjOj^i^. Contracting the latter with g«/575ge0«A yields: 



= 2 gj„^^g(,^,;,F«f)g-"^"^^r*'^^ 
3 1 

Expanding symmetrizers: 



3 r 1 

4 



^-^q-rtfinxF^ (;qe^al3 + -^q^4,K\F^ eqCiafi + -^q-yCnxF^ ^qe^ajS^ 



+ T { -^qi4,K\F^ (^qeafif + ^qi<l,KxF^ eq(af3j + -^q$,CK.\F^ 4,qta(3-i 



+ 6 



4 \b 

I . 2 , 2 , 



qOi0iS qeti>KX ^ 
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and performing contractions gives 




2N{N+l). 8/iV+l 
5 2 ^^^+5 



6 fN+l 
5 



C 



18 
~5 



IN+l 



2 

6N+1 
5 2 
1 



-F\ + -^{F)l 



18x 
5 



MF)l-^HF)l-F^,S'^) 



N+1 
2 



12 



ipiF) 



2 



where we used the identities and maps introduced in the previous proof, the 
latter understood as mapping End(V^) to itself, namely: 

V,{Fr. = Fi.,q^,^^u,^^u,^'' 

viFY. = \F^^+\F'^^5>:,u + xD,{F)>i 

a{Fr. = F^.,uj^-^LO,^. 
Collecting all terms gives: 

= [2iV2 + (6x^-7)iV + 6x(3x+l)(l + a)]i^ 
+ \2x{N + \-'dx^)V,{F) 
- (87V + 5 + 6x^)(tri^)id. 

Recalling the eigenvalues of the (commuting) operators "Dq and cr, one finds that 
the latter equation is satisfied only for 

F'^^ = \5^, A e C. 

Hence i? is a linear combination of J and K. 

□ 

At last, we arrive at the final step: 

Proof of point 3 of Proposition^ Let us consider E S so(V3(K)). Then E — 
A + B with A £ u(V3(K)) and B e u^(V3(K)), and the components map 15 into 
independent subspaces: 

A{U) £ S"*^^ and B{U) £ S^'^ © S^'^. 

Thus E{13) = A{U) = & B{U) = 0. Let now A ^ Aq + al with Aq £ 

su(V3(K)) and a £ R. Clearly, /(O) = 0, so that A{13) = Ao(0) = 0. 

We can now apply the lemmas to Aq and B to find that 

Ao e G'siK) and B £ sp(l) n u-L(V3(K)), 

and finally E £ 0(K, O) as claimed. 



□ 
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1.5 Important identities and proofs of Lemmas 
18 & 19 

The invariants of ^„(K) are essentially derived from certain product maps: the 
traceless product x , Freudenthal product • and r, the triple product on a FTS. 
As usually, finite dimension of the spaces the maps operate on leads to some 
characteristic equations; these in turn are translated to certain identities the 
tensors T, A and q satisfy under contraction (the constants ci, C2 and C3 of 
Proposition H have been introduced in order to simplify these identities) . 



1.5.1 First family 

Lemma 22. Let L^ : Y 

X,Y £ sfigK. Then: 



X X Y denote the (left) multiplication map for 



tr L 



X 



tr I/JZ/^ 



tr L^L^L^ 



{X X X,X X X) 





3 dim I 



12 
dimK 



-{x,x) 



(X, X X X) 



:{X,X) 



(1.17) 
(1.18) 

(1.19) 

(1.20) 



for X e BtjgK. 

Proof. Identities ( |1.17 1 and (1.18 1 follow from irreducibility of s[)3K as a repre- 
sentation of Aut(s[)3lK), where in the second case we employ Schur's lemma and 
check the formula for some simple X to find the proportionality constant. 

To prove (1.201 we recall Lemma 10 substituting T{X),S{X,X) and 
N{X,X,X) : 

X^ - -(trX'^)X - -trX^ = 0, 
2^ 3 

where we used trX — 0. Taking the scalar product of this expression with X 
and using symmetry of L^ yields 

1 



Now, 



(A2,A2) = -(A,A)2. 



{X X X,X X X) = {X^ - ^trA^, X^ - ^trA^) 
- (A2,A2)-i(A,A)2 

= l{x,x)\ 

Using i,j,k,... to index Vi(K) ~ Vj^(K), with the identification given by 
•), we introduce the structure constants of x : 



(A X y), = /yfcA-'y* 
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With g^JX^Yi = {X,Y), identities ([L17 
f -0 f f 

J 1771711 ^1 Jim7ljj- 



1.18 



1.20) read: 



Jjmn — -|^2 

Contraction of the latter one with Ckin yields 
3dimIK + 4 



1 f f -i 

Qij-) Jm{ij Jkl)m — ^9{ij9kl)- 



24 

fipq fj qr fnrp 



fijn ~t~ fipqfjqrfnrp ^fijn 



dim] 



proving ( 1.19 I 



where k = detK. Using i,j,k,. 



Corollary 4. Let us set ci — , , ^^^^ 
index Vi(K) ~ V^(K), with the identification given by (•, •), we have: 



□ 
to 



T7nm 
i 





9t] 



T rpr^ pqr^ qr _ T , 

6k + 8 



{ij JL kl) 



10 



3k + 4 



9{ij9kl), 



where g{X,Y) = {X,Y). 



Notably, the last identity is, up to a proportionality constant, the one used 
by Nurowski in [2] to define his cubic invariant (without referring to all the 
Jordan machinery). 

Lemma 23. Let us introduce a map 

Vr ■■ A2Vi(K) -> A^Vi{K) 

iq7n^ jpm 

Then, with respect to the decomposition 

A^Vi{K) ~ so(Vi(K)) = g\{K) ® g'i(K)^, 
the map T>x is given by: 



Tle'i( 



3k + 4 

Proof. Let us first consider the familiar map into derivations (Lemma [4|: 

A^ViiK) 3XAY^ Vx,Y = [Lx,Ly] G e^'i(K) c A'^Vi{K). (1.21) 
We have 



(xf y« - rpx«)T,5™Tj 
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and 



[L^x,L^] = [Lx,Ly]--X AY. 



Since the map ( 1.21 1 is symmetric and its image is Q'i(K) = der sf)3K, it follows 
that it vanishes on Q'i{K.)'^. It then follows from equivariance, that its action 
on G'i{K) is a multiple of identity. We thus have: 



^T|e'i(K)-L - 2 , 



^ ^Tle'i(K) = a 
for some constant a. Then, demanding 



N 



and substituting the dimensions of der s[)3K, one finds a = — q( '^^ ), and the 
lemma follows. □ 



1.5.2 Second family 

It is convenient to consider the following general result, which shall prove useful 
in both second and third family. The idea is to use some abstract real spaces 
W,W ~ f)3K instead of K, K (recall Remark [l]): 



Lemma 24. Let us introduce two spaces W,W fjsK and maps 



I'x 



W-^W forXeW 
W forXeW 



such that and l*^ become respectively L*^ and L*^ under the isomorphisms 
W,W tjsK. Taking the traces over W © VF, we have: 



tr l^. 
tr ^j^^y^^^T 





dim! 





dim I 
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'[{X,Y)(Z,T) + (X,T)(Z,Y)] 



dim] 



'{I'yTj'.Z) 



(1.22) 
(1.23) 
(1.24) 
(1.25) 



for Y,T eW and X,Z e W. 



Proof. Identities (1.22 1 and ( 1.24 1 are obvious, as we trace maps which swap the 



(sub)spaces W and W . Formula (1.231 follows, up to the constant, from Schur's 
lemma: indeed, let us complexify W, W and identify them complex- linearily 
with Vc,Vc respectively. Then (1.231 defines a sesquilinear form on V2(K) - as 
the latter is an irreducible representation of t/2(IK), the form must be a multiple 
of the hermitian inner product. The factor can be found by checking for some 
simple X and Y. 



44 



CHAPTER 1. ALGEBRAIC PART 



To prove (1.241, we introduce some extra notation: we shall use to 
index W and ... to index W, and the same for their duals. We introduce a 
tensor j{X,Y) = {X,Y), so that Xij S ^* ^ , with its inverse satisfying 



llil''' = dim ()3l 



3 dim I 



The determinant defines tensors Nijk and Ny^j. such that 

det X = N.jkX'X'^X^, det X = N^-^X^X^X^. 

We will use 7 and its inverse to lower and raise indices, so that the maps /* and 
I* are simply given by 



Equation (1.231 is expressed as: 



dim! 



We now r ecall that = (det X)X for X e f^gK. Utilising the isomorphisms 
W,W ~ fisIK, we can write this identity as follows: 



+ N,kpNmngNf'^] 



Contraction with iVr™" yields: 



10 iVjp iv^-^ JVfen iVjj^j -t- 



diml 



'-N^kpNf 



1 



1 dimK + 2 
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[TuTjk + Trnih]^ 



where we used (1.231. Thus 



dim! 



which is equivalent to (1.241. 



□ 



For 'C^W and 'C^W = Vc, where Vc, Vc are the duals of the (complex) 
spaces of linear and antilinear complex forms on V2(K), as in (1.14), we readily 
have the following 

Corollary 5. Let us set C2 — \J~~^^^i where k — det K. Recalling the conventions 
introduced in Remark^ we have: 

1 

A A 



A K-'^PK \-'^t^ 



1 

2k + 4' 

K 



2k + 4 
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We shall further make use of the following: 
Lemma 25. Let us introduce a map 

Pa : A^^i ^ A^'i 

Then, with respect to the decomposition 

ReA^'i ~ u(V2(K)) = eR(S ^'aW © g'aW^, 

where is the orthogonal complement o/t/'2(K) m su(V2(IK)), the map 

T>\ is given by: 

T'aIbc — 1 

1 



It also satisfies: 



^aIsu(V2(k)) - 2k + 4 ^ '«^a|su(V2(k))]- 



Proof. It is easy to check that V\{9) — 9. Now, let 

Sq6 = 6a,3 - g Su(V2(K))ab. 

Then VA{B)ab = fo^^A'^^/jA'^pa - b^.A^P^A-'p^ (still in su(V2(K)),b, due to 
hermiticity of T>jy) and 

Vl{B)ab = b-^,A^\A- p-,A^%A\s. 
1 



bp.A^'^A^-sA^^^A^^ 



2k + 4' 

~ 2^ _|_ 4 [^/3a + t^hpa ^ libfii,A^PaA'^ pp], 

where we used Corollary [s] and bf^p = 0. Thus, when restricted to su(V2(]K)), 

Vl = — ^- — [1 - kVa]. 

Then, since T>\ is hermitian, it splits the space su(V2(K)) orthogonally into 
su+(V2(K)) esu-(V2(K)) with 

i^AUu±(V2(K)) - A Id, A - 4^_^g ■ 

It follows that 

A+ dini5u+(V2(K)) + A" dimsu"(V2(K)) = trI?A = A^^^pA^"'' = 3k + 3. 

Using dinisu(V2(K)) — iV^ — 1 we can compute the dimensions of su*(V2(K)) 
and identify su-(V2(K)) as a'2(K). □ 
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1.5.3 Third family 



Lemma 26. Let L'^ y : Z ^ Ti/^-, ^) &e the left multiplication map for 



X,Y,Z e T{i)3K). Then: 



tr L'x,Y = 



dim I 



2732 
diniK+ 2 



24 



(1.26) 

[cj{X, ZMY, T) + uj{X, TMY, Z)] (1.27) 
Q(X,y,Z,T). 



Moreover, let Jq : J-^l^-^K) J-'(1)3K) be the map given by {JqX,Y) — U!{X,Y). 
Then 



Q{JoX,J,X,JoX,JoX)^Q{X,X,X,X). 



(1.28) 



Proof. The equation (1.261 follows from symmetry of Q and antisymmetry of 
oj, and (1.281 is easy to check directly. On the other hand, proving (1.271 will 
require considerably more effort, and some extra notation. 
To use the results of Lemma ( 24 ) , we introduce spaces 

W,W f)3lK, L, L ~ M 

such that 

J'iW = (M e 1)3K) ® ^ (i ® VF) ® (1, 0)®{L®W)(E) (0, 1). 



In the same manner as in the proof of Lemma ( 24 1 , the scalar product on 
f)3K is extended to a tensor 

jeW*<E>W% j{X,Y) = {X,Y), 

and we introduce for later convenience the normalised forms on the real lines 
L, L, denoted 

We shall now use i,j, ... to index L Q)W and i,j,... to index L © W, and the 
same for their duals. Indices are lowered and raised with help of the tensor 

and its inverse, 7*^ + C*^-', where 

7-7^'^ = dim [}3K = 3 dim K + 3, - 1 = 

and 

7j,e-0, 71,r = 0, 7^^6-0, 7^^l^-0. 
The determinant defines tensors -/Vy^. and -^^jj, such that 

det X = N.jkX'-X^X^, det X = N.y^X'X^X^ 

for X ^ W and X E W, vanishing on L and L, so that 



1.5. IMPORTANT IDENTITIES AND PROOFS OF LEMMAS 18 & 19 47 



The maps /* and I* are given by 



for X,Y £ W and X, Y in W, and identities of Lemma 24 are expressed as: 
qa7™ at^ dimK + 2 



dimK+2, 
I2" 

Q 2 A: ''^J^ 



Using corresponding uppercase letters to index full JF((]3K), we have 

t{[)3kY = (i © wy ® (X ® ly)*, 

etc., and the scalar product and symplectic form on this space is represented by 

The quartic defining the triple product is Qijkl, and, recalling that r is given 
in terms of Qijkm^^^ , the expression we wish to compute is 

QijKL = Qi.jpqQklb.s^^^^'^^ ■ 

Projecting onto subspaces of J^([)3K), the components of the symmetric tensor 
Q are given by 

QlJPQ = Qijpq + Q-Tipq + Qijpq + ^Tjpq 
^ijpq '^tjpq ijpq '^jpq 

with 

Recalling that we contract Qijpq with 

^fci ^kl ^kl ^kl ' 

we find that the following expressions need to be computed: 



dimIK + 2 1\ . _ 1 



- ( 2 ^ 2 ) ^i'^^kl + 2^i3(k^l) 
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„ /dimK+2 1 1\ - 1 , 

= 9 y 1 4 - 4 j N ii^rhkl + ^iTkiTij + TuTkj) 



dimIK + 2 9dimK~ 

2 /dimK+2 
- 8 [ 1 m75, + 9NmikN"'-i 

+ ^ [(3 dim K + 3 + 2)Tji7ik + Tjklu] + ^^iU]iq 

+ ^ irjillk + (3 dim K + 3)Cial3ld • 
Using these we evaluate the components of Q^ukl ■ 

Qijkl ~ QijpqQkl^'^ + QijpqQkl^^ 

dimK+2 



48 

dimK+2 



Qijkl- 



24 

^ijkl ~ ^^JPI^kl ^ ^tjpq^ki 

dimK+2 , dimK + 3 - - - - 

j^g ^^rmjJ-^ kl^ ^226 t ^ 'kj'^i'il ^ Hi^j'^k ^ 'O'^'^W 
+ 2227 (7fci7;j- + llilkj) + 3226^'^-5'^fc^? 

dimK+2 dimK+3 ~~ 

+7Si€ilr + TkMi + Tuiih + 7i,-64] 
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-^ijkl "^ijpq^kl 

16 ■' 
dimK+2 ^ + ^ ~ - 

~ 24 ^ijfei'^" 3227 ^^^»^J'5fcs[ + 7fci7rj + 7[j7fcj 

+Tki£.jii + 7fcjC*?; + 7;,?jifc + TlJ^^lk] ■ 

Finally, it follows that 

2 diniK + 2 dimIK+3 

QlJKL — ^1 QlJKL H J^^^T (L^IJL^KL +UJlL^Kjj, 



which is equivalent to (1.27). □ 

Passing to the complexification V3(K) = C (g) JF(f)3K), we readily have the 
following 



Corollary 6. Let us set C3 = 24y 'jrf-^, where k = diniK. Recalling the conven- 
tions introduced in Remark^ we have 

qc^t.ui^'"' = (1.29) 
go/j^.r^''^'' = J[<52<5^ + <5^<53+xgo/3^>''^cD^'. (1.30) 



Moreover, J*q = q, i.e. 



These lead us directly to the missing proof: 
Proof of Lemma 

1. The only formula absent in Corollary [g] is qafj.upQ^'^'^'' = ^^^^^a with 

= 6k + 8 being the complex dimension of V3(K). But this follows by 
contraction from (1.301. 

2. Let b e S^'°. Then Vq{b)ap = b^.^q'^'P'^ ujp^uj^fi and 

VlibTp = b'^,q^^,p„ujP''uj-'qp,^r,Lo^^uj'^^ 
= -b'^,qppa4,r'^'^"iO^p0jP'' 

SO that = 1 — x^q- Then, since Dq is hermitian, it splits the space 
sp(V3(K),cj) orthogonally into 5p+ {VsiK) , u) ® sp^ (V^iK) , lo) with 

T. I \± -A \± + 4 

L'q\^p±{V3(K),Lj) - A Id, A . 



Now, using (1.291, one easily checks that trP^ = 0. It thus follows that 
A+ dimsp+(V3(K),u;) + A" dimsp"(V3(K),a)) = 0. 
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Using dim sp ( V3 (K) , = ^(^^+^) (^^n compute the dimensions of 
sp=^(V3(IK),u;) and identify sp+(V3(K), as G'ai^). Finally, it turns out 
that one can further simplify and Xi so that 

A+ = —y/n + 3, A_ = — - — . 

□ 



1.5.4 Explicit formula for U 



We now wish to prove Lemma 18 which gave us an explicit expression for the 
projection of 13 onto S'^'" (8) 5"''*. We first state a simpler result, which essentially 
expands the result of applying the construction of Lemma [17] to a one-form: 

Lemma 27. Let F : V3(K) M. be a real linear map Fa — fa + fa- Let 
<f> : S'^V3(K) ^ M 6e the quadratic map given by 

X) = F{Xf + F{I{X)f + F{J{X)f + F{K{X)f. 
Then $ e S-i'i and 

1$ = / ® / + J* J® J*f + f(g>f + J*f ® J*f. 
Proof. Using the expressions for /, J, K, we have 

* = f®f+f®f+f®f+f®f 

- f®f-f®f+f®f+f®f 

+ J*f ® J*f + J*f ® J*f+ J*f (® J*.f + J*f® J*f 

- rf ® rf - rf ® J*f + J*f J*.f + J*f(® J*f, 

reducing to the former expression. □ 
With indices present, the formula reads 



It is now easy to extend this result to multilinear maps. This leads us to the 
following 

Proof of Lemma \1^ Let us introduce on V3(K) a representation of an orthonor- 
mal basis in H : Li — 1,L2 ~ I,Ls = J, ^4 — K. Recalling the definition 
U{Z, ...,Z) = cI\\Ql{Z,Z, Z, we expand it as 

0(Z) = c2 Q.{LAZ,LBZ,LcZ,LDZf, 

ABCD 



with A, B,C, D ranging from 1 to 4, where Q is defined as in Lemma 

Q{Z,Z, Z,Z)^\z\^Q{X,X,X,X) 
forZ = z(dXeC(E) J'ii^sK). 
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Pcrfofming the sums over A,B,C,D separately, we can apply the former 
lemma to obtain 

[25P5i + 2j^ujPnp5''s5l + 2w''iuj''i] + sym.} 

where symmetrization in a. . .1 is indicated, producing (^) = 70 terms on the 
right hand side. Projecting onto 5^'° (g) S^'^ we obtain 

70 
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+ 4 q^^^p^uj^ s)^^^ (^^q^^x)£. 



+ 4 q^^p(^aUj^f3Uj'^^uj'^s)Uj''(^gUj''^ujPfiqx)^f-- 



Now, using q = J*q and w°'p,co^f3 = —S^, we find that 

7Q _ ^ - 

- 4 q(ii{al3-(qS)upa) 

— 4 q(^vp(a<l0'yS)a) 

where (aP"/5) and (fiiypcr) are symmetrized separately. It is now easy to see that 
the expression on the right hand side is 16P44(g (g) q). Inverting the omegas on 
the left, we obtain the lemma. □ 
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Chapter 2 

Geometric part 



2.1 Summary of the algebraic results 



We wish to keep this part of our work possibly independent of the Jordan- 
algebra-related theory developed in the previous chapter. We will now recall 
the results we need, in a form which claims the existence of certain tensors 
subject to a number of identities. 

Still, the symbols K and K' denote, respectively, one of K, C,IHI, O and one 
of CjH, O. Pairs (K, K') enumerate compact Riemannian symmetric spaces col- 
lected in the following table: 



K 


C H O 


M 


SU(3) 


Sp(3) 


F4 




S0(3) 


U(3) 


Sp(3)Sp(l) 


C 


SU(3)xSU(3) 


SU(6) 


Ee 




SU(3) 


S(U(3)xU(3)) 


SU(6)Sp(l) 


H 


SU(6) 


S0(12) 


E7 


O 


Sp(3) 
Ee 


U^6) 


S0(12)Sp(l) 
Eg 




F4 


E6XU(1) 


EtSpCI) 



Let M5'(K, K') denote the corresponding symmetric space and G(K, K') its un- 
derlying isotropy group, with a Lie algebra g(K, K') . The isotropy representation 
is denoted y(K,K'). 

Abstract index notation, including the conventions introduced in Remark [l] 
is assumed. Moreover, for given K and K', the following symbols are defined: 



K = dim I 



dimAf5(K,C) 
idimMs(K,H] 
i dim M5 (K,0) 



3k + 2 for 
3k -I- 3 for 
6k -I- 8 for 



and X = ^= for K' = O. 

The following statements are reformulations or simple corollaries of: Corol- 
lary [3] Proposition |4] Lemmas 18 19 23] 25 and Corollaries |4] [5] 



2.1.1 First family 

Set K' = C and choose K. Let Vi(K) be a real vector space of dimension N 
equipped with a positive definite scalar product g identifying Vi(K) ~ Vi(K)*. 
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y rpy pqy qr _ 



There exists a tensor T e 5'3Vi(IK) reducing the group GL{N) to G(K,C) 
acting on Vi(K) in the isotropy representation of M5(K,C), with g as the pre- 
served scalar product. 

This tensor moreover satisfies the following identities: 

T,"™ = 

1 i 1 j" — yij 

6kT8 

The latter shows that, up to rescaling, T is the same tensor as the one used by 
Nurowski in |T]. 
An operator 

Vr ■■ A^Vi(K) A'^ViiK) 

T)'Y{^E^lj — -^pq'^ iqni'^ jpm 

acts as 

where pr^ and pr_L are projections corresponding to the orthogonal decomposi- 
tion 

A2Vi(K) = 0(K,C)©-L, 

with 

0(K,C) cso(Vi(K),g) ~A2Vi(K) 
being the isotropy algebra of T. 



2.1.2 Second family 

Set K' = EI and choose K. Let V2(IK) be a complex vector space of (complex) 
dimension N equipped with a hermitian inner product h, giving rise to a positive 
definite real scalar product g on (the realification of) V2(K). 

Let SP'"^ and A^^'' denote the spaces of p-lincar q-antilinear, respectively 
symmetric and antisymmetric, complex- valued forms on V2(K). 

There exists a real tensor S g ReS'^''^ reducing the group 0{V2{^),g) to 
a subgroup whose connected component is G'(K,IHI), acting on V2(K) in the 
isotropy representation of Ms(IK, H), with g as the preserved scalar product. 

Recall that h gives rise to an identification 

u(V2(K),/i) -ReA^'i = 0R®su{V2{K),h), 

where 6ab = iha/s — ihj^^. In particular, the orthogonal isotropy algebra of S is 
a subalgebra in u(V2(IK), h). 

There moreover exists a tensor A e 5^^° such that S = A • A, satisfying the 
following identities: 



A A -t^'^ — 

A K-'^P\ \-°'f^ — 



2. 1 . SUMMARY OF THE ALGEBRAIC RESULTS 



55 



The algebra fl(K,]HI) is a direct sum 

fl(K,H) =a'2(]K)eu(l) 

of the orthogonal stabilizer algebra of A and a u(l) spanned by multiplication 
by i. The latter is the centre of q{K, H). 
There is a G{K, ]HI)-invariant operator 

2?A(S)a6 = 6/i.A^^^A%-^ - b^.A^^A'^^^ 
for Bab = - b^a> acting as 

Va = pro - -prg, + ^:p^pr±, 

where prg, pr^, and prj^ are projections corresponding to the orthogonal decom- 
position into G{K, ]HI)-invariant spaces: 

A^'i = c o u(i) e C0a'2(]K) e -L. 

2.1.3 Third family 

Set K' = O and choose M.. Let V3(M.) be a real vector space of dimension 2N 
equipped with a positive definite scalar product g and a quaternion-hermitian 
structure, i.e. three hermitian structures /, J, K subject to 

P = J^ = K'^ = UK = -id. 

There exists a tensor 13 € S'*V3(K) reducing the group 0(V3(K), g) to a sub- 
group whose connected component is G'(K, O), acting on V3(K) in the isotropy 
representation of Ms(K, O), with g as the preserved scalar product. 

Consider now V3(K) as a complex vector space of dimension N, with one of 
the three hermitian structures, for concrctcncss /, as the complex structure. Let 
S^''^ and AP'^ denote the spaces of p-linear q-antilinear, respectively symmetric 
and antisymmetric, complex-valued forms. By polarisation, the scalar product g 
gives rise to a hermitian inner product h G S^'^. Moreover, by the identification 

so(V3(K,5)) ~ A2V3(K,5) =Re(A2'0©Ai'i©A0'2), 

one has a symplectic form ojafs G A^j,° such that 

JeRe(A2'0eA0'2), J% = a;«/3 + w«^. 

In this context, 13 G Re5^'^. There moreover exists a tensor q e 5^'° such 
that the projection of 13 e 5*4^4 ^^^^ 54,0 ^ 5.0,4 jg 

256 

To" 

where barred and unbarred indices are symmetrized separately. Following iden- 
tities are satisfied: 



ga/3^.w''^ = (2.1) 
Qa^upf^"' = ^^^0 (2-2) 
qa0,u.<f''"' = lKSf; + SiS}]+xqo.0^.co'^''Lj''' (2.3) 
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Let Sp(V3(K), ti>) denote the symplectic group preserving the quaternionic 
structure, and Sp(l) the group generated by /, J, K. Let 5p(V3(K), w) and sp(l) 
be the corresponding Lie algebras. Prom the complex viewpoint, with / the 
distinguished complex structure, one has 

sp(V3(IK),a;) C u(V3(K),/i) ~ ReA^'^ 

Moreover, to gives rise to an identification 

A^'i D C®sp(V3(K),a)) ~ S^'° 

via 

The orthogonal isotropy algebra of U can be decomposed as 

fl(K,0) = a'3(]K)esp(i) 

where ^'3(K) is the orthogonal stabilizer of q. 
An operator 

acts as 

Vq = -y/K + 3 prg + y^^^ pr_L, 
where pr^ and prj^ are projections corresponding to the decomposition 

2.2 G— structures and intrinsic torsion 

G-structures provide a covariant description of additional structure introduced 
on a manifold (be it Riemannian, complex, CR etc.). While they are defined 
as reductions of the frame bundle, or simply principal bundles equipped with a 
soldering form, related objects are pulled back to the mainfold and its tangent 
bundle by means of local sections, i.e. adapted frames. 

One can also introduce somewhat weaker structure directly on the tangent 
bundle, specifying endomorphisms of the latter corresponding to the Lie algebra 
Q of the original structure group G. Under certain technical assumption, the 
latter can be then reconstructed up to connected components, so that in general 
one ends up, locally, with several associated G— structures (although these may 
fail to be globally defined on a manifold which is not simply connected) . 

Finally, we shall discuss structures defined in terms of invariant tensors. 
However, the groups G(K, K') we are interested in are in general defined only 
as identity components of the isotropy groups. Selecting a G(K, K')— structure 
requires thus an extra choice of a frame in a single point of each connected 
component of the manifold, and may fail due to global problems even if the 
tensor is globally defined. 
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2.2.1 G— structures and the intrinsic torsion 

Recall, that a G— structure Q on an m— dimensional Riemannian manifold 
{M,g), for G being a subgroup of 0(m), is a reduction 

of the orthonormal frame bundle tt : P M to a subbundle Q with structure 
group G, acting on Q by restriction of the action of 0(m) on P. Its local sections 
will be called adapted frames. 

A connection on the bundle P is said to be compatible with Q iff the asso- 
ciated horizontal distribution Hor C TP is tangent to Q : 

Hor^ C TqQ for each q £ Q. 

In terms of a connection form lo e fl^{P) (g)so(m), the compatibility condition 
reads simpljj^ 

i*uj e fl\Q)(g)g, 

where g C so(m) is the Lie algebra of G. If it is satisfied, i*u! becomes a con- 
nection on Q (since G acts on Q by restriction of its action on P) . 

Definition 2. A G— structure is said to be integrable iff it admits a torsion-free 
compatible connection. 



Following Agricola 13 , we consider the Levi-Civita connection lu^ £ 
rii(P) (g)So(TO) and decompose its restriction to Q orthogonally: 

so(m) = g®t, [0,t]ct 

i*u;^^ = - a' (2.5) 
so that uj^ e fl^iQ) «) and a' G fl^{Q) t. 
Lemma 28 (cf. \13'). 

1. Lo^ is a connection on Q. 

2. a' is a horizontal one-form of type Ad on Q. 

The usual name for the a' is the intrinsic torsion of Q (in fact, this notion 
can be defined also for a general G— structure, not necessarily Riemannian, 
although it becomes less explicit [34]). 

The form can be extended by covariance to a connection on entire P, 
with values in the orthogonal orbit of g : 

e r2i(F) (g) Ado(™)0. 

Let be the associated covariant derivative: 

D^:nl^^iP)®H^nl+J{P)®H 



^ Indeed, consider a vector X £ TqQ C TqP. Then X—lu{X)^ is horizontal, where A £ X{P) 
denotes the vertical vector field associated to A £ so{m) by the structure group action. 
Demanding Hor^ C TqQ implies u)(X)^ £ TqQ, so that aj(X) £ g. 
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for any O(m)-module H. Recall that a point p in the frame bundle P is an 
orthogonal isomorphism p : M™ —f Tt^(^p)AI, where M™ is equipped with some 
fixed positive definite scalar product. Introducing the soldering form 

6* e (P) ® , ep=p-^o Tpn for each p e P, 

we have the torsion of u!^ : 



Recalling that the Levi-Civita connection is torsion- free and using (2.5), one 
finds 

res = i*de + LuBAi*e 

= i*{dd + uj^'^ A0)+a'- Ai*0 



It then follows that 

e^X,Y)^a\XmY))^a\Y){e{X)) 

for X,Y € TqQ. Conversely, it turns out that determines the horizontal form 
a' (it needn't be true in the non-Riemannian case, cf. p ): 

2{a\x){e{Y)), e{z)) = {e^x,Y), e{z)) 

- {Q\Y,Z), e{X)) 
+ (e8(Z,X), 6{Y) ) 

for X, y, Z e TqQ, where (•, •) denotes the scalar product on M™. 

Note that a Q— compatible connection is necessarily metric. Thus a torsion- 
free Q^compatible connection, provided it exists, necessarily coincides with the 
Levi-Civita one. This leads us to the following obvious 



Proposition 5 (cf. |13[|34| ). Let Q he a G~structure on an m— dimensional 
Riemannian manifold {M,g), with G C 0(m) The following are equivalent: 

1. Q is integrable. 

2. The intrinsic torsion of Q is trivial. 

3. The Levi-Civita connection on AI is compatible with Q. 

Each of these implies reduction of the Riemannian holonomy group Hol((7) to a 
subgroup of G. 

Particular examples one should have in mind are the almost-hermitian 
and almost-quaternion-hermitian structures, with structure groups U(^) and 
Sp(™)Sp(l) respectively (their integrable cases being featured in the celebrated 
theorem of Berger). The geometries modelled on the second and third family of 
symmetric spaces described so far fall into these categories. 
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2.2.2 Tangent bundle view 

Choosing a local section e : M D U ^ Q, i.e. an adapted frame, one can pull cu^ 
and a' back to M, so that u!^ gives rise to a connection in the tangent bundle, 
and a' becomes a well-defined tensorial one-form. 

It is however instructive to consider the structure which appears on the 
tangent bundle independently of any section. In what follows, we use g to 
identify TM ~ T*M. Observe first that, having fixed a point x G M, the image 
of C A^M" under (the extension of) g : M™ T^M, where g G Q and 
'n{q) = X, does not depend on the choice of q from the fibre of Q over x. Indeed, 
for every two frames q,q' € 7r|g^(a;) there exists g £ G such that q' ~ q o g; on 
the other hand, Ad£,(0) = g, so that (/(g) = q'{g). We shall denote this subspace 
as 2m{x) C A^T^M. 

It thus follows, that a G— structure equips M with an orthogonal splitting 

A^TM = qm ® Im (2.6) 

into subbundles such that at each point x G M the subspace 

mix) C A^T.M ~ so(T,M,g,) 

is a Lie subalgebra isomorphic to g. 

A natural question is to what extent can one reconstruct the original 



G— structure from the data given by (2.6 1. In what follows we shall assume 
that: 

1. G is connected 

2. t contains no one-dimensional G— invariant subspace 



(these are true for G(K,K'), as one can check in Section 2.6 Point 2 is needed 
in particular for the following result to hold: 

Lemma 29. The set of all orthonormal frames mapping q to gj\/ forms a prin- 
cipal bundle with a structure group whose identity component is G. 

Proof. Consider an orthonormal frame ex ■ ^ T^M at a fixed point x G M, 
such that Cxis) = 3m{x). Every other frame at x is of the form e'x — Cx o a for 
some a G 0(m), so that maps g to Qm{x) iff Ada(g) ~ g. It thus follows that 
all such frames at x form a fibre of a principal bundle with structure group 

G={aGO(m) I Ad,(g)=g}. 

The corresponding Lie algebra is 

~g^{Aeso{m) \ [A,q] eg}. 

Now, every A G so(m) is of the form Ai + A2 with Ai G g and A2 G t, so that 
[A,q] = [Ai,q] + [A2,g], where automatically [Ai,g] C g and [A2,g] C t, since 
[g, t] C t. Thus [A, g] C g iff [^2, g] = 0. Then the assumption we have made on 
i implies that every such A2 is zero, so that finally g = g, and G has G as its 
component of identity. □ 



One moreover obtains a characterization of compatible connections: 
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Lemma 30. A metric connection V in the tangent bundle, lifted to a connection 
on the frame bundle, is compatible with the G— structure iff it preserves the 
splitting (2.6): 

fen"{M,gM) =^ Wfen\M,gM)- 

Proof. Choose (locally) an adapted frame, i.e. a (local) section e : M Q. 
A compatibility condition for a connection form lo on the frame bundle P is 
i*uj G il^{Q) (E) 0. Consider now the corresponding connection V" in the frame 
bundle, whose local connection form in the adapted frame e is 

r'^ e n^{M,A'^TM), r"(X) = e^{e*Lj{X)) for X e T^M. 

Then the compatibility condition is equivalent to G ^1^{M,qm)- 
On the other hand, preserves qm iff for each X E T^M 

[T^{X),qm{x)]C9m{x). 



From the assumption on t, via an argument given in the proof of Lemma 29 it 
follows that preserves qm iff F'^ G ^^{M,qm)- Hence the lemma. □ 

Corollary 7. The G— structure is integrable iff the Levi-Civita derivative of 
each section of qm is Qm — valued. 

Recall now, that a difference of two connections in the tangent bundle is a 
well-defined tensoiQ 

VxY ~ V'xY = A{X){Y), A G r2^(M,End TM), 

where in particular A G il^(M, A^M) for metric connections. We have the 
following 

Lemma 31. There exists a unique metric connection preserving qm 
such that the difference tensor of and the Levi-Civita connection V^*^ is 
tM~valued, i.e. 

3A^ en\M,lM)yX,Y e X{M) : - VjfV = A\X)(Y). 

Proof. Choose (locally) an adapted frame e. Then the local connection form of 
V^*^ is uniquely decomposed with respect to 

A^TM = qm ® iM 

where F» G fl^{M,gM) and A* G fl^{AI,tM)- One easily checks that F" trans- 
forms as a connection form corresponding to some connection in the tangent 
bundle, while A'' is a well defined tensor. It further follows that, irrespectively 
of the frame, 

v^r - F^^y = A\x){Y). 

□ 



^ By A{X){Y) we mean the element of EndTA/, obtained by evaluation of A on X, acting 
on Y. 
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It is not difficult to check;, that G il^{M,tM) coincides with a pull-back; 
by an arbitrary section e : M Q of the intrinsic torsion a' introduced in the 
previous subsection: 

A\X) = e^{e*a\X)) for X e T^M 
As the reader may expect, A^ is equivalent to the torsion of : 
T<^{X,Y) = A\X){Y) - A\Y){X), 
2g{A\X){Y), Z) = g{T\X, Y),Z)- g{T\Y, Z),X) + g{T\Z, X),Y). 

2.2.3 Invariant tensors 

Finally, we consider the following structure: let G C 0(m) be the orthogonal 
stabilizer group of a tensor y £ (2)^R™, with G its identity component and Q the 
Lie algebra. Then a G— structure on an m— dimensional manifold (M, g) can be 
defined by a tensor 

yM e O^TM 

such that at each point x G M there exists an orthonormal frame Cx ■ IR™ 
T^M suc;li that ('xiy) = yM{x)- Clearly, the set of all such frames at x forms a 
fibre of a principal bundle with structure group G, a reduction i : Q ^ P oi the 
orthonormal frame bundle. 

In a typical situation, we will however be interesteci in having a G— structure 
Q, where G is the identity component of possibly not connected G. A reduction 
of Q to Q is always possible locally (i.e. on -k~^{U) for U a neighbourhood of 
a point on M), by choosing a single point q Cz Q, declaring it to be a member 
of Q and identifying the latter by continuity. It may however fail to yield a 
G— structure over entire M, even if yM, and thus Q, are globally defined. Such 
a situation is illustrated by the following: 

Example 1. A simple flat geometry related locally to the symmetric space 
Sp(3)/U(3). Consider first the (real) space Mq = whose tangent spaces 
carry a natural complex structure and a fixed complex-linear identification with 
V2(M) ~ C^, so that they become equipped with a metric gM„ find a paral- 
lel tensor being a real section of S^'^TMq. The latter defines a trivial 
G— structure on Mq, and restricting to holomorphic frames gives a reduction to 
a trivial G— structure, G = U(3). 

Introduce now the natural complex coordinates z^,. . . : C, such 

that gMo — J2^i=i dz^dz^, and consider a (real) manifold M obtained by identi- 
fying points subject to the equivalence relation 

(0^^^...,^«)~(^l+27^,^^...,^6). 

Considering the projection p : Mq — » M one finds that M inherits a metric 
and orientation (complex conjugation on a space of even complex dimension 
has determinant one). The tensor Smq is also uniquely pushed forward to Em 
on M, since E — E. 

We thus have a G— structure on M, where G is the full orthogonal isotropy 
group of S, with U(3) as its identity component. However, as we have just noted, 
G also contains an antiunitary component, in particular the complex conjugation 
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map, C : ^ C^. A local U (3) —structure can be defined by picking a frame 
at a single point, say the one obtained by projecting the natural holomorphic 
frame at the origin of Mq = to 

However, parallel transporting ep(o) along a closed loop, given by the projection 
of a curve joining (0, . . . , 0) with (27r, . . . , 0) in Mg, one ends with ep(o) o C, 
which clearly belongs to a different connected component of the fibre than the 
original frame. One thus fails to define a global U(3) structure (which is already 
imphed by the fact that the complex structure of Mq does not descend to M). 
Note that this problem is not resolved by fixing an orientation. 

Nevertheless, ignoring global questions and considering any of the local 
G— structures defined by 3^M) we can recover most of the local information about 
the former from geometric data given by the lattc^r (i.e. 3^m and its Levi-Civita 
derivatives). Note first, that in an adapted frame e we have e~^yM{x) = y, a. 
constant ^^M™— valued function, so that 

yxyM = Tix)iyM) 

for a connection V with local connection form T e ri^(M, A^TM). This leads 
to the following 

Lemma 32. A connection V in the tangent bundle is compatible with a local 

G~structure defined by yu ijf^yM = 0. 

Proof. Choose an adapted frame e. Then for X E T^M 

Vx3^M = r(A)(3^M) = ^ T{X) e flM. 

The latter is the compatibility condition for V. □ 

Corollary 8. A local G— structure defined by is integrable iffW^^yu = 0. 

While yM being parallel implies vanishing of the intrinsic torsion, it turns 
out that entire A^ can be reconstructed from V^'^J^m- Since I is the complement 
of the isotropy algebra of 3^, we have the following obvious 

Lemma 33. The kernel of 

i^E^ E{y) e 0^'iR'" 

is trivial. 

CoroUciry 9. There exists a G-equivariant map ip : 0^'lR™ — > t such that, 
independently of the choice of an adapted frame e, 

A\X) = -{e, o o e-i)Vi^3^M for each X e T,M. 

Proof. Set if to be the left inverse ofE ^{y): which exists due to the Lemma. 
Then, in an adapted frame e, we have 

(e,o<^oe-i)Vi^3^M = {e,oip)[{e-' oA\X)oe,)iy)] 
= e^{e-^ o A\X) o e^) 
= A\X). 



□ 
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Remark 2. Wc can derive a more direct result for a symmetric tensor 

assuming to be G-irreducible. Since y is G— invariant, irreducibility implies 

for some Aq £ M, where gijX^Y^ = (X, y). Similarily, the map 

Pj; : A^M™ ^ A^M" 

^y{-^)ij — -^A:/3^/i:j'm3...mp3^/2m3...mp 

restricted to t is given by 

1^y\i = Aiprj^ H h A^prj^ 

for some Ai , . . . , G M, where prj^^ , • • ■ , pi't^ are projections onto G— irreducible 
subspaces of t : 

t = ti © • • • © tr. 

We finally introduce the map 

11712 ■ ■ -iripj^ jm2 ...nip 

and, performing the contractions, easily find that 3^' = Aq id + (p — l)'Dy. 

If we thus calculate Aq, Ai, . . . , A^ and check that Xq + {p — l)Afe ^ for 
/c = 1, . . . , r, we can express the intrinsic torsion as in Corollary [9] with 

1 

= X] Aq + (p- l)Afc ^^^'^''^'^3 tkni2...mpyim2...mp (2.7) 
k—1 

for t e S'^'M'". As one can find in Section |2.6| the space t in case of 
G(K, K')— structures decomposes into at most two subspaces. Thus the pro- 
jections pr^^ with fc = 1, 2 can be expressed as combinations of Vy and the 
identity map (provided Ai A2). This will provide us with explicit expressions 
for in terms of 3^m and V^'-^3^a/. 



2.3 g(]K, ]K')-geometries and their torsion 

We will now finally define the geometries we are to investigate. Our choice 
is to consider Riemannian manifolds equipped with the sole invariant tensor, 
disregarding global existence of a G(K, K') -structure and its local choice. When 
referring to a local G(K, K')-structure associated with the g(K, K')-geometry, we 
mean any of the possible ones (i.e. any connected component of the full bundle 
of frames defined on some region of the manifold and preserving the special form 
of the tensor) 

Recall the conventions summarized at the beginning of this chapter. In 
particular, K is any of IR,C,H,0, and K' is set to C,IHI,0 in, respectively, first, 
second and third family. We have defined k = dimK. To avoid index clutter, 
we abandon the convention of writing J^m in favour of 3^, provided AI is clear 
from context. 

^ In particular, the tensor gives global G(K, K')-structures on a simply connected manifold. 
This can be seen noting, that every loop lifted to the full bundle of adapted frames (i.e. the 
one whose structure group is the full isotropy group of the tensor) must necessarily start and 
end in the same connected component of a fibre. 
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2.3.1 First family 

The following definition essentially coincides with that of the geometries studied 
by Nurowski [l]: 

Definition 3. A g(K, C)-geometry is a (3k + 2)— dimensional Riemannian man- 
ifold M equipped with a tensor 

T e r2"(A/, S^TM) 

such that at each x € M there exists an orthonormal frame : Vi(K) T^M 
such that T = e^iT). 

Let thus M be a 0(K, C)-geometry. Since in the first family the groups 
G(K, C) are the precise isotropy groups of T, it follows that the global principal 
bundle of all frames mapping T to T has G(K, C) as its structure group: 

Proposition 6. A q(K,C) -geometry possesses a natural global G(K, C)- 
structure. 

In what follows, we shall use i,j, ... to index TM ~ T*M, when referring 
to tensors and tensor-valued forms, so that we have e.g. 

T,^., G n^{M,{S'TM).,,,) 

Proposition 7. The intrinsic torsion of the G(K,C) -structure associated with 
a geometry (M, T) is given by 

{A )ij — j^Q ^T.)irnn'^jmn- 

Proof. The proof is by application of the procedure described in Remark |2] The 
decompositions of A^Vi(IK) given in Section 2.6 show that t = g(K, C)^ is always 
irreducible; one has 

according to the summary presented in the first section of this chapter. One thus 
uses the formula (2.7) with Aq = 1, Ai = and p = 3, while the projection 

is simply identity. Having the map (p : 5''^Vi(K) — > t expressed using T, the 
Proposition follows from Corollary |9] □ 

2.3.2 Second family 

Definition 4. A g(K, H)-geometry is a (6k + 6)— dimensional Riemannian man- 
ifold M equipped with a tensor 

Een°{M, S^TM) 

such that at each x G M there exists an orthonormal frame ■ V2(]K) T^AI 
such that S = ea:(S), where V2(K) is considered as a real vector space. 
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Let thus M be a g(K, H)-geometry. As it has been demonstrated in Example 
[l] there may be in general no globally defined G{K, IHI)-structure associated to 
S. However, one has a global split 

A^TM = qm © tM 

with Qm{x) — 0(K, H) as a Lie subalgebra of A^T^M ~ so(V2(K)). Recall that 
the algebra fl(K, H) has a one-dimensional centre spanned by the hermitian 
complex structure of V2(K). The same is true of each 0m (a;), so that defining a 
bundle 

u(l)Af C Qm, u(l)A/(a::) = Z{qm{x)), 
with Z defining the centre, we have the following 

Proposition 8. A q(K,M) -geometry (M, S) is naturally equipped with a one- 
dimensional subbundle u{1)m C A^TAI spanned locally by an almost hermitian 
structure. 

Each fibre v.{1)m{x) contains exactly two complex structures on T^M (sin- 
gled out by normalization), and there is a priori no way to distinguish between 
these. A particular choice of one complex structure at a single point of M can 
be extended by continuity to a neighbourhood, but may fail to yield a globally 
defined almost hermitian structure on M (cf . Example [l]) . 

Before we proceed, an algebraic consideration is necessary: 

Lemma 34. Reintroducing iV = 3k -I- 3, we have: 

1 ■^bdefkl N rg 

^- ' — 'adefkl' — ' — 40 ' 

2. Let us introduce a map 

Vs : A^V2(K) A^VslK) 

'D-E{E)ab — Ecd'^a''''^^^^'^'^befkl- 

Then, with respect to the decomposition 

A^VzCK) = u(l) © ^'2(K) © (tn A^^i) © Re(A2'0 © A^-^) 
the map I?h is given by 

200 X'h|u(i) = 27V -I- 3 
200 I?H|e',(K) = -N 

200 PsItnAi.i = 



K - 

200 2?s|ro(A2.o®ao.2) = 3. 



The proof is given in Section 2.8 We are now ready to express the intrinsic 
torsion in terms of S and its derivative. In the following we use a, 6, . . . to index 
TM ~ T*M : 

Proposition 9. The intrinsic torsion of a local G{¥^^W)- structure associated 
with a q{JK.^W)- geometry (A/, S) is given by 



3k2 -\- 15k 12 

V ^ cmnrst^( 



6k -f 6.,^, 200 

defklr^ cefkl 
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Proof. The proof is by application of the proce dure described in Remark |2] 
The decompositions of A^V2(IK) given in Section 2.6 show that t = g(K, C) 
decomposes into two irreducible subspaces: 

t= (tnAi'i)eRe(A2'0eA°'2). 

The map T>r\^ and the contraction "Eadefki^^^^^^^^ is found in Lemma 34 so that 
one uses the formula (2.7 1 with Aq = jg, Ai = ^2 — ^io P = 6, 

while the projections are (having checked that Ai ^ X2 for n~ 1,2,4,8) 

K + 2 , K + 2 „ 

prtnAi^i = id + 200 

Ik + 2 K + 2 

PrRo(A2.t)eA°'2) = — — id - — — 200 Ph- (2.8) 

Having the map Lp : S'^V2(IK) — > t expressed using S, the Proposition follows 
from Corollary [9] □ 

Recall that, by Proposition [s] normalized local sections of u(1)m give local 
almost hermitian structures on M . These are integrable iff u(1)m is parallel, 
i.e. iff 

/er!°(M,u(l)A/) =^ W^^^f en\M,u{l)M)- 

Since has this property, it follows that in this case the intrinsic torsion must 
satisfy 

[A\X),uil)Mix)]cuil)M{x) 

for each X e T^M. Expressed in an adapted frame Cx ■ V2(K) T^M, the 
condition reads 

A\X) e e^(ReAi^i) 

i.e. the antiunitary component, obtained by projecting onto Re(A^'° © A**'^), 



must vanish. Applying the projection (2.8 1 to the intrinsic torsion expressed in 



Proposition [9] the following formula is readily proved 

Proposition 10. A Q(K,M)-geometry (Af, S) possesses a natural local Kdhler 
structure, given by a unit local section o/u(1)mj iff 



defkl^ cefkl _ ^ K + 1 ^^^.j 

100^4 + 2"'' 



f-^LC'^\ mnrst r\ 



2.3.3 Third family 



Definition 5. A 0(K, 0)-geometry is a (12k + 16)— dimensional Riemannian 
manifold M equipped with a tensor 

O e n°{M, S^TM) 

such that at each a; G M there exists an orthonormal frame ■ V3(K) — > T^M 
such that O — £^{15). 

Let thus M be a ^(K, 0)-geometry. There exists a global split 

A^TAf = bm ® tM 
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such that 0m{x) ~ g(]K, O) at each x £ M. Recall that g(K,0) decomposes 
under its adjoint representation into two a direct sum 

g(K,0)-g'3(K)esp(l) 

with sp(l) generated by a quaternionic structure on V3(K). The same is true of 
each Qm (x) , so that defining a bundle 

sp(1)m C 0a/, [qm,5P{1)m] = sP(1)a/, dimsp(l)A/(a:;) = 3 
we have the following 

Proposition 11. A g(K,0) -geometry (A/, O) is naturally equipped with a three- 
dimensional subbundle sp(1)a/ C A^TM spanned locally by three almost hermi- 
tian structures subject to the algebra of imaginary quaternions. 

Note that the full orthogonal isotropy group of O necessarily preserves the 
structure constants of sp(l) C fl(IK, O), and thus an orientation on this space, 
so that it acts on it as S0(3) ~ AutH. This in turn implies that the images of 
I,J,Kg A^V3(IK) under diff'erent adapted frames are related by automorphisms 
of the unique quaternionic structure. Hence the following 

Corollary 10. A g(K,0)- geometry (M, O) is naturally equipped with a unique 
global almost quaternion-hermitian structure defined by 

nen'^iM), n{x)^e^{I AI+J AJ + K AK) 

in an arbitrary adapted frame Cx '. V3(K) — > T^M. 

Once again some algebra is needed before we can express the intrinsic torsion: 

Lemma 35. Reintroducing N — 3k + 4, we have: 

1- Oa„,,...,„«y''™^-"« = |^[25(7V- 1) + 12x2] 51; 

2. Let us introduce a map 

Vu : A^VsiK) -> A^VsiK) 

Vu{E)ab = E,al5a''"''-"''l5^^,...ms- 
Then, with respect to the decomposition 

V3(K) = sp(l) © g'siK) ® [t n sp(V3(K, uj))] ® ±, 

the map I?y is given by 

32 

2?o|.p(i) = — (307V2 - 9A^ - 21 - 636x') 
•50 

^ole'3(K) = — (51A^2 ^ 137V - 83 - 18x' - \/^) 
2?u|tn.p(V3(K),^) = 1^ f 51iV2 + 13iV - 83 - IBx' ' ^ 



245 V 
32 

-DuU - — (15iV2 + 53A^ + 47- 386x'). 



^ There are many equivalent ways of introducing (almost) quaternion-hermitian structures 
on a manifold - e.g. by means of a 4-form, or a 2-sphere bundle in EndTAf. For reference, 
see [34]|35||36| . 
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The proof can be found in Section |2.8[ We are now able to read the intrinsic 
torsion from 13 and its derivative: 

Proposition 12. The intrinsic torsion of a local G{K,0) -structure associated 
with a q(K,0) -geometry (M, O) is given by 

X (V^^0),„,...„,0/"-"« 



whe 



1 1 



13 



Aq + 7Ai Aq + 7A2 
A2 , Ai 



Ao + 7Ai Ao + 7A2 



32 

7 = — - ( 3QN^ + AON - 130 + 368x^ 



245 V n/k + 3 

Ao ^ i^[25(iV-l) + 12x^] 

32 / , ,1 

Ai = 51iV^ + 13iV - 83 - 18x^ + , 

245 V 7/^+3 

32 

A2 = — (15iV2 _^53A^ + 47- 386x^). 
245 

Before we give the proof, we must sadly admit that even after A^, x and k 
have been substituted by numbers for given K, the constants remain unreason- 
ably complicated. 

Proof. The proof is by application of the procedure described in Remark 
The decompositions of A^V3(K) given in Section 2.6 show that t = g(K,0) 
decomposes into two irreducible subspaces: 

t = [t n sp(V3, w)] © [sp(V3, Lj) + sp(i)]-^. 

The map X'olt and the contraction Oa„i2...m8^'""^ found in Lemma 
that one uses the formula (2.7 1 with 

Ao ^ |^[25(iV-l) + 12x^] 
32 

Ai = — ( 51iV^ + 13A^ - 83 - 18x^ 



35 



so 



245 V V^^TS 
32 

A2 = — (15A^2 + 537V + 47- 386x^). 

and p = 8, while the projections arc (having checked that Ai =/= A2 for k = 
1,2,4,8) 

prtnsplVsTO,^) = - A2id) 

Pi''[sp(V3(K),c^)+<ip(i)]^ = A2 - Ai ~ Aiid). (2.9) 

Having the map (p : S'*V3(K) t expressed using 15, the Proposition follows 
from Corollary [9] □ 
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The condition for integrabiHty of the almost-quaternion-hermitian structure 
described in Corollary [TO] is that the Levi-Civita parallel transport preserve a 
bundle of unit 2- spheres in 5\){1)m- 

S c sp(1)a/, S, = {Ee 5P{1)m{x) \E^ = -id}, 

which under this condition becomes the natural twistor bundle of the 
quaternion-Kahler structure (cf. [34| ) . It is equivalent to 

f en%M,sp{l)M) =^ V^^/e r!i(M,5p(l)M). 

Since has this property, it follows that in this case the intrinsic torsion must 
satisfy 

[A\X),spa)M{x)]ClBpa)M{x) 

for each X € T^M. Expressed in an adapted frame ex ■ V3(K) T^M, the 
condition reads 

A\X) e e,(sp(V3(K),cc>)) 

i.e. the component in sp(V3(K),w)^ must vanish. Applying the projection 
(2.9 1 to the intrinsic torsion expressed in Proposition 12 the following formula 
is readily proved: 

Proposition 13. A g{K,0)- geometry (M, ?J) possesses a natural quaternion- 
Kahler structure, given by the 2-sphere bundle 

S c sp(1)m, Sx^{Ee spil)Mix) \E^ = -id}, 

iff 

where 

32 / o 9 1 

Ai = — 51N^ + 13N - 83 - 18x^ ' 



245 V + 3 



2.4 G-structures with characteristic torsion 

In the previous section we have at last defined the geometries modelled after 
the Magic Square symmetric spaces, and expressed their intrinsic torsion in 
terms of geometric data, i.e. the defining tensorial invariant and its Levi-Civita 
derivative. It is of course natural to investigate at first the integrable case, 
that is, manifolds with parallel T, S or O. However, we immediately have the 
following 

Proposition 14 (Corollary of Berger's theorem). Let (M, g, 3^^/) be a g{K, K')- 
geometry, whose underlying local G(K,MJ)- structures are integrable. Then 
(M, g) is either a locally symmetric space or a product of Riemannian mani- 
folds of lower dimension, with the product metric tensor. 

Proof (sketch). IntegrabiHty implies that the connected holonomy group 
Holo(g), considered via some adapted frame as a subgroup of GL(V„(K)), must 
be contained in G(K, K'). Simple dimension count shows that none of the ir- 
reducible Riemannian holonomy groups listed in Berger's theorem meet this 
requirement. Thus, {M,g) cannot be irreducible and not locally symmetric. □ 
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A larger variety of geometries is available once one relaxes the integrability 
condition to some extent. While integrability is equivalent to existence of a 
compatible connection with trivial torsion, we can consider a milder condition 
of vanishing all but one of the torsion's irreducible components. The torsion 
tensor of a connection on a Riemannian manifold (M, g) is a section of the 
bundle A^TM (g) TM, which decomposes under the action of the orthogonal 
group into three (for dim M > 3) irreducible components: 

A^TM (g) TM ~ A^TM ® TM ® T. 

Particularily interesting classes of connections are those with completely 
skew (A^TAf) and vectorial (TM) torsion, where the associated projections 
act on T,jk e (A^TM),, (g) {TM)k as: 

In what follows, we shall restrict our attention to the skew case (information 
about the vectorial one can be found e.g. in [37]), mostly following the exposition 
given in fl^ . A geometric characterisation of this class is given by the following 

Proposition 15 (cf. |13| ). A metric connection V in the tangent bundle of a 
Riemannian manifold (M, g) has completely skew torsion iff its unparametrised 
geodesies conincide with those of the Levi-Civita connection on M. 

Let us first introduce a simple 

Lemma 36. Let V be a metric connection in the tangent bundle of a Rie- 
mannian manifold {A'I,g) and A G Q}{AI,A^TAI) its difference tensor with the 
Levi-Civita connection: 

A{X){Y) = WxY-V'fY. 

Then V has completely skew torsion T iff A is completely skew, i.e. 

A{X){Y) = -A{Y){X). 

Moreover, in such case A = as a section of A^TAI. 

Proof. The torsion of V is 

T{X,Y) = \IxY ~\IyX -[X,Y] 

= V'^Y -V^^ -[X,Y] + A{X) [Y) -A{Y) {X) 
= A{X){Y) - A{Y){X) 

and 

g{T{X,Y),Z)+g{T{X,Z),Y) = g{A{X){Y), Z) - g{A{Y){X), Z) 

+ g{A{X){Z),Y)-g{A{Z){X),Y) 
= g{A{Y){Z),X) + g{A{Z){Y),X). 



Vanishing of l.h.s. is equivalent to complete antisymmetry of T, while vanishing 
of r.h.s. is equivalent to complete antisymmetry of A. □ 
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Proof of Proposition \l 5\ Let 7 :] — e, e[—> M be a curve in M and X a vector 
field defined on some neighbourhood of 7 such that X is tangent to 7. Then 
7 is (unparametrised) geodesic of V ifl^ 

(VxX) o 7 = {Vjfx + A{X){X)) o 7 = /X o 7 

for some function /. The latter is equivalent to 7 being a Levi-Civita geodesic 
iff A{X){X) is a multiple of X. However, since A{X) is skew, A{X,X) must be 
simply zero. Demanding it for every curve 7 is equivalent to A{X){X) = for 
each X e TAf, i.e. A completely skew. This in turn, via the previous Lemma, 
is equivalent to complete antisymmetry of the torsion of V. □ 



2.4.1 G-structures with skew torsion 

Let us now consider a general G-structure Q on an m-dimensional Rieman- 
nian manifold {M,g) as described in subsection 2.2.1 The basic result is the 
following: 

Proposition 16 (cf. jl3j ). A G-structure Q on M admits a compatible connec- 
tion with completely skew torsion iff there exists a function H e f2*'(Q) (g) A'^R'" 
(of the natural type) such that for each X G TQ 

a\X) = prt Hi0iX)) 

where a' is the intrinsic torsion of Q, and 9 the soldering form. 

We first give a simple 

Lemma 37. A connection u compatible with a G-structure Q has skew torsion 
iff 

HX)-uj^^{XmY)) = -HY)-u:^^{Y)mX)). 
Proof. The torsion of lo is 

e = de + LuAO 

= {de + co^'^ A9) + {uj-uj^^) A9 
= a AO, 

where we introduced a — uj — iv^'^ , so that ajg G ri^(Q) (81 is horizontal of 
type Ad. We now have 

{e{X,Y),9{Z)) + {Q{X,Z),0{Y)) = a{X){9iY),9iZ)-a{Y){9{X),9{Z)) 

+ a{X){9iZ),9iY)-a{Z)i9iX),9{Y)) 
= a{Y)i9iZ),9iX)) + aiZ)i9iY),9iX)), 

where vanishing of l.h.s is equivalent to complete antisymmetry of the torsion. 

□ 

Proof of Proposition \l 6[ Assume that indeed a' satisfies this condition for some 
H. Then 

u;^^\Q^u;^-a'^u;%-H{9{-)) + (3 
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where /3 G fl\^j.{Q) (^g. One easily checks that ui^ — uj^ + (3 defines a connection 



37 



the torsion of i 



on Q. Now, we have uj'^ —uj^'~'\q = H{9{-)), and by Lemma 
is skew. 

Conversely, the same lemma implies that the difference of a connection u'^ 
with skew torsion and the Levi-Civita connection is a completely skew tensor, 
and the function H is simply given by 

HMX),0iY),9{Z))^{{u;{X)-u;^^{X))9{Y),e{Z)) 

for X,Y,Z eTqQ.We have 

a'{X) ^ H{9{X)) + - uo\X), 

and projecting on t proves the Proposition. □ 

Having stated a condition for existence of a compatible connection with 
skew torsion, it is natural to ask how many such connections can be found. A 
particularily interesting case occurs when the connection is unique. There is a 
well known, purely algebraic condition: 

Proposition 17 (cf. [13] ). A compatible connection with skew torsion on a 
G-structure Q is unique, provided it exists, iff 

(M™ (g) fl) n A^M" 0. (2.10) 

Proof. Assume cj* and w'' are two such connections. Then, by Lemma |37[ the 
function C G n^{Q) ® (M™ ® fl) defined by 

CMX),e{Y),9{Z)) = {{u^%X)^m%X))9{Y),9{Z)) 
= {{u^%X)-u^^{XmY),9{Z)) 
- {{w%X)~c.^^{X))9{Y),9{Z))) 

for X,Y, Z £ TqQ is completely skew. Thus, if the intersection of M™ ® q and 
A'^M™ is trivial, one has uj^ — zu'^ . 

Conversely, let cj" be the unique compatible connection with skew torsion 
and C e n°{Q) (g) [(M™ (g fl) n A^M"'] a function of the natural type. Then 

vd'{X)^uj'{X)-C{9{X)) 

for X G TQ defines a connection on Q and by Lemma [37] its torsion is skew. 
Now, if the intersection of M™ g) q and A^M'" was nontrivial, vj'^{X) ^ W(A') 
and there would exist different compatible connections with skew torsion. As it 
contradicts the uniqueness of w", the intersection must be trivial. □ 

If such a connection is indeed unique, it is called the characteristic connection 
of the G-structure, and its torsion tensor - the characteristric torsion. It is not 



very difficult to check the intersections (2.101 for classical irreducible holonomy 



groups, and the result is that a skew-torsion connection is unique in all those 
cases [13]. Moreover, there is a recent important result of Nagy, which solves 
the problem of computing the l.h.s. of ( |2.10 1 completely: 



Proposition 18 (Nagy fs]). Let g C 5o(m) he proper and act irreducibly on M™. 
Then the intersection ^2. 1 is trivial, unless Q compact simple and M™ ~ g as a 
Q-module. In the latter case, it is one dimensional and spanned by the structure 
constants of g. 
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Considering the case with nontrivial intersection (i.e. no characteristic con- 
nection), we have: 

Corollary 11. Let G he simple, with q proper in so(m) and M™ ~ g as a 
G-module. Then a G-structure on M admits either no compatible connections 
with skew torsion, or precisely a one-parameter family thereof. In the latter 
case, the torsion tensors of connections in this family differ by a section of a 
one- dimensional invariant subbundle Tq C A^TM. Choosing an adapted frame 
e, an intertwiner : g ^ M'", and defining f — eo tjj, we have a fibre of Tq: 

%{x) = Span{C7}, C{X, F, Z) = {eT^X, i^[f-'Y, f-'Z]) 

for X,Y,ZeT,M. 

Proof. Let Q be the G-structure. Every connection uj G ft^{Q) ^ q on Q with 
skew torsion O € H.'^ (Q) (E)M.™ is uniquely defined by the latter, since (cf. Lemma 
36]) 

HX)-u;^^{X)mY),9iZ)) = ^{e{X,Y),e{Z)). 
We can introduce a function H'^ e ri°(Q) ® A^M™ such that 

{e{x,Y),eiz)) = H^{q){e{x),e{Y),9{z)) 

for each X,Y,Z e T^Q. 

On the other hand, two such connections lo, vj differ by a horizontal one-form 
of type Ad: 

bj -w e ri^(Q) ® 0, 

so that 

H-{q){9{X))-H-{qmX))^Q 
for each X £ TgQ, and thus 

H'^iq) - H'^iq) e A^M™ n (M™ (g) g). 

Assume now that there exists a skew-torsion connection loq on Q. It thus 
follows, that if we identify each skew-torsion connection lu on Q with the corre- 
sponding function H'^ , the space of all such connections at a point q G Q is the 
affine space 

H'^°{q) + [A^R"' n (M™ (g) g)]. 

We can now apply Proposition [18] to find that the intersection is spanned by the 
map 

c : A^M" ^ M, c{X,Y,Z) = {X,t})[i})-'^Y,i}}-^ Z]) , 

for X, Y, Z e M™, where ijj : M™ ^ g is an intertwiner. Pulling everything back 
to M via some adapted frame, i.e. a (local) section e : Af — > Q, we arrive at the 
Corollary. □ 

We shall refer to such a family as the one-parameter family of skew-torsion 
connections. Their torsion can be considered to be 'characteristic modulo Tq'. 
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2.4.2 Invariant tensors and nearly-integrability 

We shall finally focus on structures defined on a Rieman nian m anifold (M, g) by 

The first impor- 



2.2.3 



a symmetric tensor y £ D.°{M, S^TM), as in Subsection ! 
tant fact is a necessary condition for the existence of a compatible connection 
with skew torsion, first discussed by Nurowski [l]: 

Proposition 19. Let a local G— structure defined by a symmetric tensor y_ 
admit a compatible connection with skew torsion. Then the symmetrized Levi- 
Civita derivative ofy_ vanishes: 

{Vjfy){X,...,X)^0 for each XeTM. (2.11) 

Proof. Let V be such a connection. Clearly, V3^ = 0. Then, recalling Lemma 



1, 



1 



T{x){y) 



where T is the torsion of V, a section of A^TM C TM 
TM ~ T*M with i, j,k,..., we have 



A^TM. Indexing 



-ji---jp) 

due to the antisymmetry of T. 



■j2---jp)m 







□ 



The next natural step is to ask when is (2.111 sufficient. After [T], we give 
an algebraic condition on the tensor y, mapped to y in adapted frames: 

Lemma 38. Let us introduce a map 

y (^)ioii...ip — ^{io ji3^i2---ip)m- 

Then (2.11) implies existence of a compatible connection with skew torsion iff 

kery = M"(g)fl + A^M™. 
Proof. Choose locally an adapted frame e. We have, at each x e M, 

[e-^(v^^3;)(.)]....^, = K-^r^^(x)],,/",y 



1 (io 

y\e~'T^^{x)\,.... 



,X) = Q for each X e TM iff e-^T^'^{x) e kery' for each 



Thus, {^'i^y){x, 

X &M. 

Now, if (2.11) implies exsistence of a compatible connection with skew tor- 
sion, then ker3^' must be contained in E™ + A'^M™, as the Levi-Civita 
connection can be expressed as a sum of the compatible connection and half of 
its torsion. However, Proposition 19 implies that M™(8)g + A^E'" C kerj^'. Thus 
these must be equal. 

Conversely, if the kernel of y' is M" ®q + A^M", then \2.ll\ implies that 
r^*-^ can be decomposed (not necessarily in a unique way) into a g-valued local 
connection form and a skew difference tensor. Lemma (36 1 completes the proof. 

□ 
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The condition (2.111 will be referred to as nearly -integrability of the geomet- 
ric structure defined by 3^ (or of the tensor itself) . There exists an interesting 
geometric interpretation: 

Lemma 39. A G-structure defined by y_ is nearly-integrably iff for each 
parametrised geodesic 7 : M D / — > Af the value of y evaluated on 7 is con- 
stant along the geodesic. 



Proof. Let 7 be such a geodesic, V:^'"7 = 0. We have 



Now, y is nearly integrable iff the latter expression vanishes for every 
parametrised geodesic, at every point. This in turn is equivalent to the evalua- 
tion of 3^ on 7 being constant. □ 

It follows that for a nearly-integrable G-structure there is a well-defined 
notion of geodesies which are null with respect to the tensor. The spaces of 
such geodesies seem to be interesting in their own right. 



2.5 ^(IK, K )— geometries with characteristic tor- 
sion 



We return now to the 0(K, K')-geometries defined in Section [2.3[ and collect 
results on skew-torsion connections compatible with related G(K, K')-structures. 

The problem of uniqueness of a skew-torsion connection for the first family 
has been already investigated by Nurowski |T], while uniqueness for the other 
two families can be readily estabilishcd once on knows an analogous result for 
almost-Kahler and almost-quaternion-Kahler structures. Currently however, we 
can present it as a simple corollary of Nagy's general result: 



Proposition 20 (Corollary of Proposition 18). Let {M,g,y) be a g(K,K' 



geometry admitting a skew-torsion compatible connection. The such a connec- 
tion is unique, unless K = C and K' = C. In the latter case, there is a one- 
parameter family of such connections, whose torsion differ by a section of a 
one- dimensional G{C,C) -invariant section of A'^TM. 



Proof (sketch). We apply Proposition 18 to ^(K, K') as subalgebras of 



EndV(K, K'). These algebras are clearly proper and act irreducibly. The only 
case when y(K, K') ~ g(K, K') is the geometry modelled after i-e. 
IK = C and K' = C (it suffices to notice that there is a single 8-dimensional 
irreducible representation of SU(3), and thus both the isotropy and adjoint rep- 



resentations are equivalent). The, we apply Corollary 11 and the Proposition 



follows. □ 

As we have mentioned, such unique connection is called the characteristic 
connection, and its torsion tensor - the characteristic torsion. Indeed, one may 
consider the latter as characterising the geometry in a manner more convenient 
than the intrinsic torsion (however the two can be clearly obtained from each 
other) . 
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Of course, these notions make sense only if the connection exists. Bobienski 
and Nurowski [2] proposed nearly integrability as a candidate for an existence 
condition, and checked that it is one indeed for the geometry they considered 
- i.e. the one modelled after SU(3)/SO(3). It then turned out [l] that it also 
works for the next two geometries in the first column, failing however in case of 
the last one, i.e. Eq/F^: 

Proposition 21 (Nurowski |1 ). Let (M,5,T) be a g(K,C) -geometry with 
K 7^ O. Then M admits a skew-torsion compatible connection iff T is nearly- 
integrable. 

In the following, we extend the equivalence between nearly-integrability and 
existence of a characteristic connection onto the second family. 

Theorem 1. Let (M,g,'B) be a q(K,M) -geometry. Then M admits a charac- 
teristic connection Jjff S is nearly-integrable. 

Proof. That nearly-integrability is implied by existence of the characteristic con- 
nection follows immediately from Proposition 19 To prove the converse, we will 
apply Lemma |38| to the map 

S' : V2(IK) ® A^VaW ^ S'^V2{K) 

" {^)aoai...ae — ^(oq ai^a2...ae)m- 

It is clear that its kernel contains V2(IK) (g)0(K, H) + A'^V2(K). In order to check 
that these are actually equal, we extend S' by complex linearity and consider a 
decomposition of a generic element A S V2(K) (g) A^V2(]K) : 

A = + B + C + + B + C 
where Cake = c^p^ — Ca^p. The action of extended S' gives then 

and S' {A) = iff each of these vanishes separately. Applying the isomorphisms 
pTTsf , wc find S'(0) = and S'(B -|- C) = to be equivalent to 

^(P0S-S£)''(qA^^5) H- A^(c,^C-y^5) - A(Q^^C5)(j^A0g)p = 0. 

Contracting the first equation with A'^'^" and the second one with A"^'', we 
obtain 

A(o/3^0/,) - (2.12) 

^/(e-A^B)M+6A,^s = (2.13) 

where 

6 = + Cm""*- + 2ca''pA''P^A^^s] 
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■^5 fie ^efiS ^Sefj,- 

Equation (2.121 gives simply Oi^a^p-) — 0, so that O G A'^''^. Writing X in the 
form 



equation (2.131 simphfies to Xg{A) = 0, so that 
and thus 

Xsfii? - Xsvf, e AJ'" (g) 0(K, H)™„. 
Now, using X and B to ehminate c, we get 

where the terms involving B, due to -B^ya/j = —B^pa, give an element of A^'-'^ © 
A^'^. We thus finally obtain 

A e Re[A3'0 ® A^'i © A^-^ © A°'3 © A^-" « s(K, H) © A"'i ® g(K, H)], 

so that ker S' = V2(K) (8)g(K, H) + A^V2(K), and the theorem follows by Lemma 

IMI □ 

It is instructive to note that the latter proof relies on the complex structure 
of V2(]K) : indeed, in spite of complete symmetrization in the definition of S', 



using the projections (1.15) splits linear and antilinear indices and allows for 



separate contraction. That did not occur in the first family, and thus Nurowski 
had to resort to explicit calculations using computer algebra. Unfortunately, 
this method fails also for the third family, since none of the complex structures 
is invariant. The question whether nearly-integrability guarantees existence of 
a characteristic connection for g(K, 0)-geometries remains open. 



2.6 Decompositions of two- and three-forms 

In order to classify possible g(K, K')-geometries with skew torsion, we need to 
decompose the space of three-forms into G(K, K')— irreducibles. This is easily 
done using the computer algebra package LiE by Marc van Leeuwen et al. [38^^ . 

One needs to note that we are ultimately interested in real representations, 
while the package we use operates on complex ones. Thus in the first and 
third family, where the representations are respectively real and quaternionic, 
we consider complexifications of Vi(K) and V3(K), and, after decomposing, take 
the real section (recalling that Ke{Vn © Vn), with Vn being some complex irrep, 
does not decompose). On the other hand, the representations in the second 
column are already unitary, and can be dealt with directly. 

We only provide here the dimensions of the irreducible subspaces. The in- 
variants can be used to construct suitable projection operators. 
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2.6.1 First family 

The following was already done by Nurowski [l]. 

Proposition 22. With Wn denoting an n— dimensional real representation, we 
have the following decompositions into: 

1. S0(3) irreps: 

A2Vi(M) ~ so(3)eW7 
A3Vi(M) ~ so(3)eVl^7 

2. SU(3) irreps: 

A2Vi(C) ~ 5U(3)®VK20 

A3Vi(C) ~ su(3) © W^2o ® W^27 ® M. 

3. Sp(3) irreps: 

A2Vi(H) ~ Sp(3)®W70 

A3Vi(H) ~ Sp(3) ® W^70 © W84 © M^189- 



4-. F4 irreps: 

A2Vi(0) ~ f4©T^273 

A3Vi(0) ~ 1^273 © M^1274 © W^1053. 

The SU(3) case is special, since the isotropy representation is equivalent to 
the adjoint one, Vi(C) ~ su(3). In particular, there exists an invariant three- 
form (spanning the M C A'^Vi(C) subspace) corresponding to the structure 
constants of su(3). 



2.6.2 Second family 

Recall first, that the spaces of two- and three- forms on the second family spaces 
decompose under U(V2(K)) into 

A2V2(K) ~ ReA^'i ©Re(A2^°© A"'2) 

= [M©su(V2(K))]©u-L(V2(K)), 



A3V3(K) ~ Re(A2^i©Ai'2)©Re(A3'"©A°^3) 

= [Z^3+Z^4](V2(K))©Zil(V2(K)), 

where Ui, and U4 are completely skew analogues of the usual spaces intro- 
duced in the Gray-Hervella classification of almost-Hermitian structures [39] , 
These are further decomposed when the unitary group is reduced to one of our 
gropus G(IK,H). 

Proposition 23. With Vn denoting (a realification of) an n— dimensional com- 
plex representation, we have the following decompositions into: 
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1. U(3) irreps: 

SU(V2(]R)) ^ 5u(3)ey27 

U3 ( V2 (M) ) ^ V3®Vi5® V24 e V42 

2. S'(U(3) X U(3)) irreps: 

su(V2(C)) ~ {su(3)esu(3) 10^64 
u^(V2(C)) ~ {Vis® Vis} 

Wi(V2(C)) ~ {VlO ® V^IO} ® V^64 

W3(V2(C)) ~ V2(C) © {^18 © Vis} ® {V^45 ® V45} © {F90 © V90}, 

where in {V„®Ki} the first (resp. second) copy ofVm being a SU(3) irrep, 
is affected only by the first (resp. second) SU(3) in SU(3) x SU(3). 

3. U(6) irreps: 

SU(V2(H)) ~ 5u(6)©Fi89 

u^(V2(H)) ~ F105 

Ui{V2{m) - 1475ffiV'280 

Z^3(V2(H)) ~ V21 ® Vio5 © ^384 ® 1^1050 

Eg • U(l) irreps: 

SU(V2(0)) ~ eg ® ^650 

u^(V2(0)) ~ F351 
ZYi(V2(0)) ~ F2925 

Z^3(V2(0)) ~ 1/351 ® VI728 ® W37I 

The space ZY4(V2(IK)) = V2(IK) A 0, where 6ab = ihap — ihp^, is already 
isomorphic to V2(IK) and thus irreducible as a G(K, ]HI)-module. 

2.6.3 Third family 

Proposition 24. With Wn denoting an n— dimensional real representation, we 
have the following decompositions into: 

1. Sp(3)Sp(l) irreps: 

A2V3(]R) Sp(3)®Sp(l)® W84® W270 

V3 (M) =i V3 (M) ® W56 ® Wi28 ® W432 ® Wi252 ® H^1400 

2. SU(6)Sp(l) irreps: 

A^VsiC) ~ SU(6) © Sp(l) © V^i75 © ^^576 

V3 (C) ~ V3 (C) © Wso ® W280 ® Wwso ® W3920 ® W4480 
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3. S0(12)Sp(l) irreps: 

A^VsW - S0(12)eSp(l)eW462 01^1485 

Vs (H) ~ V3 (H) ®Wi2s® W704 e W3456 e w^i76oo e W19712 

4- E7Sp(l) irreps: 

A^VsiO) ~ er ® sp(l) ® Wues © 1^4617 

A3V3(0) ~ V3(0) © W224 © VFlS24 ® Wi2m0 ® W^102144 ® H^110656 

Note that one ahvays has V3(K) C A'^V3(K) with the intertwiner given by 
the natural Sp(V3(K))Sp(l)-invariant 4-form I Al + J AJ + K AK. 

2.6.4 A classification 

Let M be a 0(K, K')-geometry. Then the decomposition of A'^V„(IK) into 
G{K, K')-irreducibles 

S 

aX(k) = 0h^('") 

r=l 

(where n= 1, 2, 3 for K' being, respectively, C,!!, O) gives rise to a decomposi- 
tion of the bundle of three-forms 

s 

a3tm = 0tm 

r=l 

into subbundles such that in an adapted frame : V,i(K) T^M one has 
Gx{W^^'^) = Tx^K As the spaces W^^^ are G(IK, K')-invariant, the latter decom- 
position does not depend on the choice of a frame. 

Assume now that M admits a charac;teristic connection, with a c;haracter- 
istic torsion T" G n°(M, A^TM). It follows that M falls into one of 2^ classes, 
numbered by 



r=l 



pr^MT^ = 
otherwise 



This way we obtain: 

• 4 classes of g(M, C)-geometries with characteristic torsion. 

• 16 classes of ^(H, C)-geometries with characteristic torsion. 

• 8 classes of g{0, C)-geometries with characteristic torsion. 

• 128 classes of ^(IK, EI)-geometries with characteristic torsion, where 
]R,C,H. 

• 32 classes of g(0,]HI)-geometries with characteristic torsion. 

• 64 classes of ^(K, 0)-geometries with characteristic torsion. 
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A connection with skew torsion is not unique for a 0(C, C)-geometry, due 
to the one-dimensional subspace M C A'^Vi(C) which is also contained in 
Vi(C) (8)g(C,C). There is thus no genuine characteristic torsion - instead, one 
has a one-parameter family of connections whose torsion differs by a section of 
the one-dimensional G'(C, C)— invariant subbundle T'-^' C h^TM. (Nurowski fl] 
introduces the notion of restricted nearly-integrability to rule this subbundle 
out). Anyway, we can still perform analogous classification, projecting the skew 
torsion of any compatible connection onto the complement of T^^'. We thus 
have in addition: 

• 8 classes of g(C, C)-geometries admitting a skew-torsion compatible con- 
nection. 

2.7 Locally reductive ^(IK, K')-geometries 

While symmetric spaces provide integrable models for g(K, K')-geometries, it is 
the reductive spaces that give homogeneous examples with nontrivial character- 
istic torsion (cf. [40|[4T] ,). We will first show how certain locally reductive spaces 
become equipped with a G(K, K')-structure, and how such reductive spaces can 
be obtained from the symmetric models. Then, we shall perform a construction 
of such spaces at the Lie-algebraic level, having previously shown how to extend 
results derived for a single pair (K, K') onto all the 'larger' cases. 

2.7.1 The existence theorem 

In what follows, we construct a manifold equipped with a G-structure from 
adequate Lie-algebraic data. 

Lemma 40. Let G he a subgroup of 0{m) with q C so(m) its Lie algebra. Let 
i be a Lie algebra admitting a reductive, non- symmetric decomposition 

t = l)©l 

[f),f)]C[), [[),[]C[, pr[[[,[]^0 

such that { possesses a t-invariant scalar product. Let there moreover exist a Lie 
algebra monomorphism if : }:) —^ q and an orthogonal isomorphism : I —^ 
satisfying 

ip{A) o ip — ij] o adyi 

for each A 

Then there exists an m-dimensional manifold equipped with a G-structure 
admitting a compatible connection with nontrivial skew torsion. 

Proof. Let if be a Lie group with Lie alebra t (for example the simply-connected 
one). While one is tempted to produce a subgroup from i) C t and form a 
reductive homogeneous space by taking a quotient, it is not trivial to guarantee 
that the subgroup is closed. Instead, we shall perform a local construction. 

Let C TK be the left-invariant distribution such that \)^{g) — {TeLg)i) 
for each g G K. Since f) is a subalgebra in 6, it follows that f)^ is integrable and 
there exists a neighbourhood Qo C if of identity, such that [}^ gives rise to a 
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foliation of Qq, together with a projection ttq ■ Qo ^ M onto the space M of 
leaves, a (smooth) manifold. 

Possibly choosing smaller Qo, consider a global section : M ^ Qq d K, 
i.e. a map satisfying ttq o ctq = id^/ . The Maurer-Cartan form i9 mc G ^^{K) (g) i 
pulls back to 

and the latter is further decomposed into 



([— o pr[?9, uj_ = Lp o prpi??. 

Moreover ^(7ro(e)) : T^^^i^^-^M — > M™ is an isomorphism and extends to a 
coframe on entire M. The structure equation Mmc + 5 ["i^A/Ci ^^mc] = pulls 
back to 

for X, y e T^M, where = dw+tj Acj and O = d9+Lu/\d. Since is orthogonal, 
it follows that 

(6 (X, Y),Z) = -{e{X,Z),Y). (2. 14) 

Considering as an adapted orthogonal coframe on M, we equip the latter 
with a compatible metric, and a G-structure tt : Q — *■ M. The fibre over x of 
the latter consists of all frames ■ K'" T^M such that there exists g E G 
such that e-^{g9{X)) = X for all X e T^M. 

The frame dual to ^ is a section a : M ^ Q with (J*0 = 0, where 9 is the 
soldering form on Q. Considering 

e r!i(M,0Af), r-^W = CT,(a;(x)) forXer.M 

as a connection form relative to the frame tr, we obtain a Q-compatible connec- 
tion in the tangent bundle, whose torsion tensor 

T'^ G r22(M, TM), r"(x, y) = cr^(e(x, r)) for y g t^^m 



is completely skew due to (2.14 1. Moreover, it is nontrivial, since pr|[[, t] 7^ 0. □ 



The latter lemma reduces the problem of producing locally reductive 
g(K, K')-geometries with characteristic torsion to an algebraic one. This in 
turn can be first dealt with on a Lie-algebraic level. Recall first the nota- 
tion introduced when decomposing the Magic Square algebras into symmet- 
ric pairs. Subsection |1.1.5| of the previous Chapter. The idea is, being given 
an original symmetric decomposition S[)T(K,K') = g(K, K') y(K, K'), to pro- 
duce a reductive pair by reducing g(K, K') to a subalgebra t) and twisting the 
[F(K,K'), V^(K,K')] bracket. 

The following proposition performs such a construction whenever the de- 
composition of T^(K, K') into ()-irreducibles includes f) itself. 
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Lemma 41. Let 971 = g © &e a symmetric pair, with 971 semisimple. Let f) he 
a suhalgebra of g such that there exists an orthogonal (with respect to the Killing 
form) map 

equivariant under the adjoint action o/f). 

Let us equip the space i — t) (BV with the following bracket: 

[A,A']i = [A, A'] 

[A,X], = [A,X] 

[X,Y]i - pr„[Xr] 

+ i3(pr„ [X, Y] ) + [B* (X) , Y] - [B* (F) , X] 

- Bi[B*iX),B*{Y)]) 

for A, A' Cz I) and X,Y Cz V, where the commutators on the r.h.s are those in 971 
and B* is the adjoint of B with respect to the Killing form. 

Then t becomes a Lie algebra, and the decomposition t — \) ®V is reductive 
pair. Moreover, i posesses an invariant nondegenerate quadratic form which, 
restricted to V, coincides with the Killing form of 971. 

The proof is by an explicit verification of the Jacobi identities, and can be 
found in Section [2T8| We finally arrive at the following result, which we shall 
use in the next section. 

Theorem 2. Let t) C 0(K, K') be a simple subalgebra and W C y(K, K') a 
l)-submodule equivalent to f). Let moreover the action of t) on the orthogonal 
complement of W be nontrivial. 

Then there exists a Q(K,K')-geometry admitting a compatible connection with 
nonvanishing skew torsion. 



Proof. We first apply Lemma 41 to the symmetric decomposition 97l(K, K') = 
0(K, K') © V(K, K') and the subalgebra [) with the map B being the intertwiner 
between f) and W (due to semisimplicity both t) and W are irreducible, and thus 
B is automatically orthogonal). 

This way we obtained a reductive pair [) © ^^(1^, K') = t such that the action 
on [} on 1/(K,K') in t is the same as in 97l(K,K'). Moreover, for X,Y e 
(the orthogonal complement of W) , we have 

pry^^^^,)[X,Y], = {Bop^)[X,Y]. 

Then, since the action on f) on W-^ is nontrivial, there exist such X,Y G 
that pry(jjjf,)[X, y]t ^ 0. It thus follows that the reductive pair we have ob- 
tained is not symmetric. 



We can finally apply Lemma 40 to obtain a Riemannian manifold (A/, 
equipped with a G(K, K')-structure admitting a compatible connection with 
nontrivial skew torsion. Then, choosing an adapted frame e, we can equip M 
wich a corresponding tensor y{x) = e^iy^, where y is one of T, S, O, depending 
on K'. Clearly, y_ does not depend on the choice of a frame. □ 
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2.7.2 A generalizing proposition 

We are now going to give several examples of subalgebras f) C g(K, K') satisfying 
the conditions of Theorem [2j While we tried to keep previous sections of the 
present chapter possibly independent of the Jordan-algebraic constructions, here 
we will need the structures introduced in Sections |1.1| and |1.2| of the previous 
chapter. 

It useful to note that an example for a pair (K, K') gives rise to examples 
for all 'further' such pairs, with the ordering given by inclusions: 

Proposition 25. Let K D K and K' D K' where K,K are chosen from 
E,C,H,0 and K' ,K' from C,H,0. Assume there is a subalgebra f) C 0(K,K') 
and a subspace W C y(K,K') satisfying the conditions of Theorem^ 

Then there exist natural inclusions t) ^ Q{K,M^')and W ^ V(K,MJ) such 
that their images satisfy the conditions of Theoremi^for Q(K,K.')-geometries. 

We need the following Lemma, deriving form the properties of the Magic 
Square: 



Lemma 42. 

1. Let K,K and K' be as in Proposition 



25 



Then there exist natural 



m,onomorphisms (of Lie algebras and of vector spaces): 

: 0(K,K') ^fl(K,K') 
iv ■■ y(K,K') ^ 1^(K,K') 

such that 

[i^{E),iv{X)]^iv[E,X] 

for E e g(K,K') and X G V(K,K'), with the l.h.s bracket taken in 
m{K,K') and the r.h.s. one in m(k,K'). 



2. Let K and K',K' be as in Proposition 25 Then there exist natural 



monomorphisms (of Lie algebras and of vector spaces): 

J, : 0(K,K')^0(K,K') 
jv : V^(K,K') ^ \/(K,K') 

such that 

[j,{E),jv{X)]^jv[E,X] 

for E S g(K,K') and X E V(K,K'), with the l.h.s bracket taken in 
m(K,K') and the r.h.s. one m 9Jl(K,K'). 

Proof. 



1. Recall that 



while 



0(K, K') = der fjgK ® dero K' © stjgl 
y (K, K') = deri K' ® (g) b\)^1 



0(IK, K') = der f^gK © dero K' © K^, (g) stjgK 
V{K, K') = den K' © K; (g) b\)^K. 
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One easily checks that the inclusion K ^ K induces a Jordan algebra 
monomorphism 

/X : t)3K ()3K. 

Recalling that the derivations of [jaK are defined as an image of the 
der [)3K— equivariant map D defined in Lemma [4j 

der f)3K ^ {Dx.y \ X,Y 5k)^K}, 

we see that /i induces a map 

der fjaK 3 Vx,y ^ T^Kx)MY) e der i^^K (2.15) 

such that 

V^^x)myMZ)) = KT^x,y{Z)) (2.16) 



for X,Y £ 5i)^K and Z e ijsK. Due to equivariance of V, the map (2.15) 
gives a monomorphism of Lie algebras, 

7 : der \)^K der ij^K, 



and ( [2l6| ) translates to 7(1)) (^(X)) = m(^(^)) for D e der [}3K and 
X e sf)3K. 

It then follows that the maps 

ig^ 7© id e id (g) ^IsfjgK 
iv ^ id e id (g) AilafjgK 

are such as claimed by the Lemma. 

2. Recalling Proposition [3] we have the following identifications: 

V{K,C) ~ Vi(t)^s()3K 
V{K,B.) ~ V2(t) = C«)t)3t 
V{K, O) ~ V3(t) ~ (E ® [)3t) (g) 

and the algebras £|(K,K') seen as endomorphisms of the latter spaces are 

0(K, C) = der tjaK 

0(t,H) = der tjgtezL^^^ 

0(K,O) = Ho(der ()3Kei[}3K) 

e Hi(l(8)()3Kei(gf)3K)®sp(l), 

where Tii and 7^2 are the maps defined in Lemma [12] and extended by 
complex linearity, and sp(l) denotes the additional algebra related to a 
quaternion-hermitian structure, as described in Proposition [3] In 0(K,IHI) 
we have included the additional u(l) as spanned by iLi £ iL^^^^. 

Let us now consider monomorphisms 

Vi(K) V2(K) V3(K) 

g{KX) — ^ 0(t,H) — ^ 0(K,O) 
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given by 

n{X) = l(g>X, v{z(g)Y) = {0,Y)(g){z,0) 
for X e sfigK, Y e fisK and z eC, and 

a{D) = D, l3{D + iLx)^no{D + iX) 

for D e der f)3]K and X € figK. 

It is then readily checked that a{D){^i{X)) = tJi{D{X)) for D e der [jaK 
and X e sf)3K. Comparing with the formula for Tip given in Lemma 
one also easily verifies l3{E){v{Z)) = u{E{Z)) for E e b(]K,H) and 



12 



Z G V2(K). 

Finally, the map jg is given by either id, a, /? or /3 o a (depending on 
K' and K'), while jy is respectively id, /i, v or v o ji. It follows from the 
previous paragraph, that and jy are such as claimed by the Lemma. 



□ 



By composing ni^ = jg o ig and ruy — jy o iy we have the obvious 



' be as in Proposition 25 Then there exist natural 



Corollary 12. Let K,K,f 

monomorphisms (of Lie algebras and of vector spaces): 

nig : 0(K,K') ^ g(K,t') 
my : T/(K,K') ^ l^(t,K') 

such that 

[mg{E),mv{X)]^mv[E,X] (2.17) 

for E e g(K,K') and X e V{K,K'), with the l.h.s bracket taken m m{K,K') 
and the r.h.s. one in 97l(K, K'). 

This finally leads us to a proof of the Proposition: 



Proof of Proposition 25 The inclusions are simply the restrictions m^ 1 and 
TOy|vy of the maps described by Corollary 12 That my(VF) ~ mg([}) as a 
TOg(l))-module is guaranteed by the intertwining property (2.17) of my. Finally, 
mg(()) acts nontrivially at least on mv{W-^) C my(W^)^. □ 



2.7.3 Examples 

We will now give a couple of examples of subalgebras satisfying the condi- 
tions of Theorem [2j As the examples of g(K, C)-geometries have been given 
by Nurowski in [l], we concentrate on constructions applicable to 0(IK, H)- and 
0(K, 0)-geometries. 

Example 2 (Subalgebra of type su(2)). Set 

g = 0(M, H) = der IjsR ® iLf^^u, V = V{R, H) = C «) tjsR. 
Define X,Y € ()3M : 





1 


















• 


y = 


•: 


1 


• 
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and Z = X2 = y2 We have: 

ZoX = X, ZoY = Y, XoY = 0. 

Let 

t) = Span{i:», iLx, -iLy} C fl, 

where D = One easily checks that () is a subalgebra of g isomorphic 

to su(2). Let 

W = Span{l (g, X,l(g,Y,i® Z} CV. 
One easily checks that f) preserves (and T4^^) and that the map 

B ■.i)^W, B{ixLx - iyLy + zD) = xY + yX + izZ 

satisfies B{[A' , A]) = A'{B{A)) for A, A' e (j. The action of [) on is evidently 
nontrivial. 

Theorem |2] for t) and W, extended by Proposition |25] yields an example 
of a 0(IK, IK')-geometry with characteristic torsion for all K = M, C,!!, O and 
K' = H, O. 

Example 3 (Subalgebra of type su(3)). Set 

g = g{C, H) = der f^gC © iLf^c, V = V{C, H) = C «) tjaC. 

Let 

f) = der [jgC C 0, 
being of course isomorphic to su(3). Let 

W=l® SbgC C V. 

One easily checks, that f) preserves W (and M^^) and the map 

B:l)~*W, B{[Lx,Ly]) ^l(E>i{XY -YX) 

is bijective and satisfies B{[A',A]) = A'{B{A)) for A, A' e f). The action of [) 
on is evidently nontrivial. 

Theorem [2] for f) and M^, extended by Proposition 25 yields an example of a 
g(K, K')-geometry with characteristic torsion for all K C, H, O and K' = H, O. 

Example 4 (Subalgebra of type so(8)). Set 

= fl(0, 0) ~ e7 e sp(l), = y(0, 0)^C(E) T^jsO). 

The compact algebra er has su(8) among its maximal subalgebras, and one 
can check (e.g. using LiE [38]) that the complex 56-dimensional module V 
decomposes under the action of su(8) C ey into 



where is the defining representation of su(8). 

Regarding now the usual inclusion so (8) C 5u(8) (given by some generic 
nondegenerate quadratic form on C^), we find that V decomposes under so(8) C 
e7 into two copies of the complexified adjoint representationj^ 

T/~so(8,C)®so(8,C) 



5 Since so(8,C) ~ A^C* ~ A^C^ as so{8)-modules. 
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The explicit form of the intcrtwincr is rather compHcated [42]. Nevertheless, 
taking 

f) = so(8) c su(8) C ct c 

and 

W = so{8) cso(8,C) c V, 

the real part of one of the two copies of so(8,C), we can apply Theorem [2] to 
obtain an example of a g(0, 0) -geometry with characteristic torsion. 

2.8 Proofs of Lemmas 34, 35 & 41 

Proof of Lemma \34\ To find correct combinatorial factors, note that 

'^abcdef = -^{^afSi^^^K + ^Pje^a^R + ■ • ■ ) 

with (g) = 20 terms on the r.h.s., so that we have 

= lOiVjf, 
so that Eadefki^'"'^^''' = §jSl Moreover, 



s^5e/fcis7_^^^^ = 4 A„^^^A^'^%,;,A^^, 
= 4 TVA^^^'A''^, 



s^^^/'^'S^^,^,, = 6 A„^"^A*'=^A\;,A^, 

^ pefkl — 



SO that 



2^H|Ro(A2,oeAO,2) = — 

TV 3 
I?h|rcA.i = ioO^A+20oP'^o, 

where prp is the orthonormal projection onto u(l). The Lemma is then proved 
recalling the formula for I?a given at the beginning of the present chapter. □ 

Proof of Lemma Note first that the map 2?o , being by construction 
G(K, 0)-equivariant, is given by a multiple of identity when restricted to each 
of the irreducible subspaces of A^V3(K), namely: 

A2V3(K) ^ sp(l) ® ^'3(K) ® [tn sp(V3(K, w))] ® ±. 
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Distinguishing as usually one of the complex structures of Sp(l); by convention 
/, to consider V3(IK) as a complex vector space, one notes that each of the 
former subspaces has a nonzero intersection with A^'^ ~ u(V3(K)). It is therefore 
sufficient to check the eigenvalue of on each of the following: 

ReA^'i = u(l) e g'3{K) e [tn5p(V3(K),a;)] e5p^(V3(]K),a;), 

where u(l) is generated by the distinguished complex structure and 

Spo (V3(K), a;) is the complement of sp(V3(K),cj) in su(V3(K)). 

Recall now the formula for the orthorgonal projection of O G S''*'^ onto 

256 

where the operator P44 : 5*'° S"^'*^ — > S*'*^ 5"''" is such that the image in 
St[%. ® ^i°...4 Of a tensor i,,.. e 5^'°.,,^ x S^^,^ is: 

Pa a (t\ — S^'^^ x[r3 fffa] xi^i X'^*] f 

where the index sets /Ui . . . /i4 and z/i . . . 1/4 are symmetrized separately. Note 
that, introducing c = ^ to avoid clutter. 



At2 /i4 fl (T2 (73 <T4 
+ P44{q (S) 9)(U2A»3/:*50-lCr20-3<T4^'^Vl'^'^^/i6'^'^^/i7'^'^''p8 
+ ... 

with (^) = 70 terms on the r.h.s., so that we have 

Moreover, 

0„j^3...„3y^'^--'"« = 20 P44(g ® q)o.^..pir,CaPA4{q®qf^'''^^^^i^'iUJr^ 
U^5m,...msl^''^"''-"'' = 15 Pii^q ® q)c.6^..p^ncPiA{q ® qV^^""^''^ 

Using computer algebra to keep track of the combinatorial factors, we expand 
the symmetrizers and find that: 

162p44(g g)c,^,^,^3,,...,,P44(g ® g)'''^^''^'*^'"^-''^ 
= -2{K^)i + 12(Ki)^ - 72(if2)g + 62(^3)^ 

162P44(« «) <Z)a/3M,M2.i....4^'44(9 «) g)^*''^''^"^-"* 

= 4(J?5)c./3^' + ^{H^V^p - 4(F3)^„^* - AiH^y-^^p 

+ 32(//i)„^^^ - 32(H7)„^^^ + 2{Hq)^0'^^ - 24{H4)a0''^ + 22{H2)a0''^ 

162p44(g q)a^^^2^,.,.2^s0P44{q^q)'"''''"'"''''"''^ 
= 29(Fi)„;3T* + 21(F7)/3„T* + 9(/f2)a/3^^ 
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where the contractions of q, q, q, q are: 



N{N+l) 



qa^upqpir,iq''''''q''^''^ 
N +1 



7(5 



q»f3^uq^.Xpq''^'t^'''' 
N +1 



\{5l5l + 5i5})+xq.p''' 



qa^.^pq^inQ^'^^^q"'^'' 



{5l5l + 5i5})+xqa0 



7(5 



^ ^ 7^ 



{HeW' = qa0^..qe<p.xq''"^r^'"' 



(1 + x') 



l{SZS'0 + Si6})+xqa0'' 



qa^.^pq^i.^Cq'^^-q''^'' 



SZ5'0 + ^^SiSj - ^io„0U>''' + x(l - x')qai3 



and by slight abuse of notation qais'^^ := qafj/xu^^'^^"^ ■ Collecting terms yields 

= ^[25(7V-l) + 12x^]5f 
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and 



+ 



16^P44(Q' O q)aPfii^i.2Vi...Vi 

11N{N + 1) - 6 + lOx^ 
2 

7V(lliV-5)-22(l + x^ 



"a"f3 



7(5 



and 



+ 16x' toc,0u>^^ + [N{11N - 5) - 40 + 42x'] XQa/s 



N{im + 47) + 2 + 84x^ 



+ 
+ 



8 ^2^^ 

2iV(97V - 10) - 65 + 138x' .5.^ 
8 ^-^^ 

^ u;„^u>^' + 9 [JV2 _ 4 + Sx^] x<Z«/'. 



Thus applying Ua'^"'^-"'^l3%^,...m_s to ReA^j,^ 9 F^b = f^p + Uff, with fa0 
-ffSa, we have Vu{F)ah = f'^p + f'^p where 



J"' 7t (5m3...ms7v7 _ f - _l_ 7 ^ <5m3...ms7v7 

/a/3 — "Ja <J ,3TO3...ms-'7<5 ^" *^ 



0m3...ms 



/3m3...m8 



^ ■77713. ..mB^(5 



)/7 



16 



2/715 



15 



lliV(jV+l)-6+10x% ^,g 
2 " 



^Ar(llAr-5)-22(l + x-),.^,7.- 



+16x'a;„*"a)^^ + (7V(lliV - 5) - 40 + 42x')x?a^^*" 



-20 



./V(18Ar + 47) + 2 + 84x^ 



2iV(9iV - 10) - 65 + 138x' j ^ 

^ 

+ "^^2'5|-|(iV^-4 + 3x^)xg„^-^' 



Again by abuse of notation we have introduced q^^'^^ '■= Qanv^ 0'^'^'^ ■ Recol- 
lecting terms we finally have 



-16V2pu|„(V3(K)) = 3(117V2 + 17V - 6 - 84x') id 

+ (15A^2 _ Q2N - 68 - 150x^) pro 

+ (187V2 - 20A^ - 65 + 234x^) a 

+ 6(17Af2 - 5iV - 64 + 60x^)I?g 

where Vq is trivially extended to the unitary complement of sp(V3(K),a;) and 
a{E) = J^^EJ, so that it is 1 on sp(V3(K)) and —1 on its unitary complement. 
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Recalling the eigenvalues of Vq on tJ'3(K) and its symplectic complement, the 
result is 

■DuUd = 1^ (30iV2 _ _ 21 - 636x') 
^ole'3(K) = ^ ^ 13iV - 83 - 18x' - 

I'o|tn.p(V3(K),^) = — 51iV2 + 13iV - 83 - 18x' ' 



512 V 0^+3 
25o|.p„-(V3(K).^) = g^(15^2^537V + 47- 386x'). 



We also have 



Substituting c = and using equivariance of Du E^nd irreducibility of the 
subspaces the Lemma refers to, the proof is complete. □ 

Proof of Lemma ^7} We use the Killing form rn : Tl ^ DJl* to identify VJl with 
dJl* in what follows. We will moreover, independently of the previous indexing 
conventions, use a,b,c, . . . to index g, i,j,k,... to index V and a, /? 7, . . . to 
index f) in such a way that greek letters denote subalgebras of the algebras 
indexed by corresponding latin ones: 

f)a C Sa, f)/3 C 0/3, ... 

Let the symbols e and p express the bracket on Tl: 

[E,F], = eabcE'^F'' 

[E,X]j = PaijE'^X^ 

for E,F ^ 2 X,Y E V. The bracket on t is then given by: 

[E,F]^ — e^p^E^'E^ 

[E, X]j — PaijE°'X^ 

[X.Y]^ - c^^jX'Y^ 
[X,Y]k = c,,kX'Y^ 

where paij denotes the restriction of paij E Qa® (A^V")ij to\)a® {K^V)ij and 

^aij — Paij 

and B{E),^ BfE°' satisfies 

^ap-iB] - p'^.^B'^y^ = 0. 

We now investigate the Jacobi identities for t : 
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1. [[f), f)], f)] : e*[a/3e''7]£ = 0, satisfied since f) is a subalgebra in g. 

2. [[f), i)],V] : €a0jp]k + '^Pm[iPk]m = 0' Satisfied since p is equivariant. 

3. [[V,VU]-- 

Cijeffai + 2p^[jcjj„, = i.e. c°'j equivariant 
(^m[ijPk]m = i-e- Cijk equivariant 

4. [[V,V],V]: 

Equi variance of B, p and e automatically ensures satisfaction of all the 
equations except for the last one, namely: 

m m a a 

C [ijC k]l - P[tjPk]l- 

We shall compute the first term. In the following formulas the indices ijk are 
implicitly antisymmetrized (the parentheses have been supressed for the sake of 
readability): 

CmijCmkl = {BmPij + '^Bf' P"m. " ^aff^yB^B'^' Bj) 

X (BmPkl + BkPlm - BiPkm " ^>~p.vB^B'^Bi) . 

Calculating each term (using the antisymmetry in ijk) yields: 

TDOL T^f3 a X a a 

^m^mPijPkl — PijPkh 

^-^i ^kPjmPlm — 

no: nX a A D-^ R" 

— ^kPjmPlm ^k^i PjmPlm — 

OR^R-'^^*^ ^-^ On'^TliX a X R^ R-^ ^')' 

PjmPkm — Pm[jPk]m — ^aXj^i Pjfc, 

^B"^ p",nB^j^pli = -2eaX'rBjB°'p-^i = -2eaX'yB°'B^pJi, 

r>X X Tja a tj7 r>X a rta r>X 7 

^kPlm^mPij — ^Xa-f^i ^f^p^j — €aX'yO,i £>; p-j., 

T>X X Tja a rT R^ ^ R" R^ ,iT 

Pkm^mPij — ^Xa-f^k^l Pij — ^aX-/-Oi -D; p^j,, 

-^afijB^Bf B] B^p^i = -ea/3'^B^Bjp'^i = eaXyB°'B^p'Ji, 

-<^XnuB^B^BiB^p"j = -exf^uB^BiPij = -CaXjB^Bi'p'J^, 

-'^Bfex^tuP'jmBmBkBl = 2Bf'e^[a'(£^n]uB]B^Bi = 0, 

-Bk^aH-yPimBmBi B] = -B^e'^p^e'^-^gBf B^ B] = 0, 

Bi'caP'iPkmBZBiB] = -B^e'^fj^e^^BlB'^ B'j = 0, 

^a0-/exn,yB^B^Bf B] Bf^Bi = €"ii3^e°'^]^B?B'jB^Bi = 0. 

Summing the expressions on the r.h.s. we obtain p'^^jP^i- 
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Thus the Jacobi equations are all satisfied and t is a Lie algebra. Then t)(SV 
is a reductive pair by construction. Finally we note that the following quadratic 
form k is invariant: 

k{A,B) ^ -m{A,B), k{A,X)^0, k{X,Y) = m{X,Y) 



for A, B G i) and X,Y eV. It clearly coincides with m on V. 



□ 
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